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Abstract 

In this paper we will review the main results concerning the issue of 
stability for the determination unknown boundary portion of a thermic 
conducting body from Cauchy data for parabolic equations. We give de- 
tailed and selfcontained proofs. We prove that such problems are severely 
ill-posed in the sense that under a priori regularity assumptions on the 
unknown boundaries, up to any finite order of differentiability, the con- 
tinuous dependence of unknown boundary from the measured data is, at 
best, of logarithmic type. 

We review the main results concerning quantitative estimates of 
unique continuation for solutions to second order parabolic equations. We 
give a detailed proof of a Carleman estimate crucial for the derivation of 
the stability estimates. 

1 Introduction 

In this paper we will review the main results concerning the quantitative esti- 
mates of unique continuation for solutions to second order parabolic equations 
(with real coefficients) and the issue of the stability for various type of inverse 
parabolic problems with unknown boundaries. We want to stress that we are 
going to be quite sketchy on the applications and the methods of numerical 
reconstruction of the solution of such problems. Such a choice is due to the 
wideness of the results on this subject. 

Let {f^ (i)}tg[o T] be a family of bounded domains in M", where T is a 
given positive number. We shall suppose that the boundary of n{{0,T)) := 
[j n{t) X {t} is sufficiently smooth, but for every t £ (0, T) a part / (t) 
*e(o,T) 

of dfl (t) is not known. In many applications f2 (t) represents (at a fixed time 
t) a thermic conducting body or specimen. The portion / (t) can be, for any 
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t S (0,T), some interior component of drt{t) or some inaccessible portion of 
the exterior component of dfl (t). The inverse problems consist in determining 
/ (t), for every t € (0, T), by means of thermal measurements on the accessible 
part A (t) := {t) \ / (t). Throughout the paper, for the sake of simplicity, 
we shall assume that A (t) is not time varying. In order to give a sufficiently 
general mathematical formulation of the problems, let us consider a boundary 
linear operator B on [J dil (t) x {t} which we shall specify later and let / be 
te[o,T] 

a nontrivial function, we consider the following initial-boundary value problem 
(the direct problem), where we set /((0,T]) :— [J I (t) x {t}. 

ie(0,T] 

div{K\/u)-dtu^O, inSl((0,T)), 
Bu^f, onAx(0,r], 

Bu = 0, on/((0,T]), ^ ' 

w(.,0)=wo, inf7(0). 

Here k = (x, t, u)y\_^ denotes the known symmetric thermal conductivity 
tensor which satisfies a hypothesis of uniform cUipticity. The boundary operator 
B may be one of the following operators 

(a) Bu = u (boundary Dirichlet operator), 

(b) Bu = kVu • V (boundary Neumann operator), 

(c) Bu — kVw • V + b^u, bo ^ (boundary Robin operator), 
where v denotes the unit exterior normal to il (t). 

Given an open portion E of dfl (t) such that E C A, we consider the inverse 
problems of determinig I{t), t G (0,T], from the knowledge, in case (a) of 
kVu ■ V on Ti X [0,T] and, in case (b) and (c), from the knowledge of u on 
E X [0, T]. We shall refer to the inverse problems introduced above as the inverse 
Dirichlet problem, the inverse Neumann problem and the inverse Robin problem 
respectively (for short: Dirichlet, Neumann or Robin case respectively). 
In many applications / (t) represents: 

(i) the boundary of a cavity or a corroded part of n (t), [H]- [IS], 07], gS], [72] , 

or 

(ii) a privileged isothermal surface, such as a solidification front of ^l{t), that 
is not accessible to direct inspection, [13], [H], [20], [39], [55], [H], [117], [129], 

m- 

The boundary operator B is, in case (i), either the boundary Neumann 
operator [T^], [5S], [53] or the boundary Robin operator [US], [H], [22]. In case 
(ii), B is the boundary Dirichlet operator. Most of the problems of (i) arise 
in thermal imaging. In such problems, and in all the mentioned papers of (i), 
the unknown boundary is assumed not time varying. Therefore our formulation 
with time varying boundary seems a mere, although quite natural, mathematical 
generalization of the original problems. On the contrary, the assumption of time 
varying boundary, as well as the assumption of dependence of k on u, seems 
particularly appropriate for the problems of case (ii). 
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We want to stress that in the present paper we study in details the stabihty 
issue for the Dirichlet case only. The stability issue for problems in the type 
(i) (Dirichlet and Neumann case) is studied in [140] . [55] . [37], [53]. The sta- 
bility issue for problems of type (n) is studied in jSU], |117j . |139j . We shall 
illustrate below extensively the main problems that arise in the stability issue. 
Actually, concerning the uniqueness and the stability, the Neumann case, when 
the unknown boundary is not time varying, is treated similarly to the Dirichlet 
case. In the case of time varying unknown boundaries, uniqueness and stability 
for the inverse Neumann problem is an open question. It is quite remarkable 
that uniqueness and stability for the Robin case is an open question even if 
the unknown boundaries are not time varying. Concerning such a problem we 
recall the papers [22], |102| . In [102| the uniqueness for such a case has been 
proved under the (essential) hypotheses that k depends on x only and the un- 
known boundary is not time varying. In [22j the uniqueness for the Robin case 
is proved in dimension two under the assumption that the unknown boundary 
is a small perturbation of a graph. Concerning the methods of reconstruction of 
unknown boundaries, we refer to the papers [IS], [HS], [SI], |121j . [51] . Here the 
so-called probe method and enclosure method seem to be effective and promis- 
ing, at least for parabolic equations with constant coefficients, for a constructive 
determination of unknown boundaries from boundary measurements. The issue 
of numerical reconstruction of the unknown boundaries is studied in [3T] , [52] , 

m, m\, m, m, m, m- 

The inverse problems studied in the present paper are severely ill-posed in 
the sense that under a priori smoothness assumptions on the unknown bound- 
aries I (t), t G [0, r], up to any finite order of differentiability, the continuous 
dependence of / (t) from the measured data is, at best, of logarithmic type. Such 
a severely ill-posed character of the above inverse problems has been proved in 
|53| . see also [51j . when k is constant, uq = and the unknown boundary is not 
time varying , see Section [5T2] for a sketch of the proof. In the present paper, 
(see Section [5T]) . we prove the (severely) ill-posedness when, k is a constant, 
Uq = and the unknown boundary is time- varying. It is interesting to observe 
that the severely ill-posed character has been proved, in [53] and Section 15.11 
when instead of a single measurement the whole Dirichlet-to-Neumann map is 
known. 

The first results concerning this type of inverse problems have been obtained 
for elliptic equations, see [12], [62], [S3], [82], [83], [95], [96], [97], [134], [138], 
|143j . We will describe first the main steps of the proofs of stability and unique 
continuation in this case because many of these can be extended to the parabolic 
case. The mathematical formulation of the inverse elliptic problem is the fol- 
lowing one. Let O be a domain in R" with a sufficiently smooth boundary dQ 
a part of which I is unknown. Let S be a boundary linear operator on dfl and 
let / be a nontrivial function. Let u be the solution to the following boundary 
value problem. 

div (ctVm) ~ 0, in fi, 

Bu = f, on A, (1.2) 

Bu — 0, on /, 
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(with a possible normalization condition, such as JqU = 0, if B is the boundary 
Neumann operator). Here cr denotes the known electrical conductivity (sym- 
metric) tensor satisfying a hypothesis of uniform ellipticity. Given an open 
portion S of dil such that E C A we are interested in determining / from the 
knowledge of kVu • on S, in the Dirichlet case, and from the knowledge of 
u on E, in the Neumann and in the Robin case. The first stability results for 
the just mentioned problems (in the Dirichlet and Neumann case) have been 
proved, when a is the identity matrix, in [TH] for n = 2 and in [JD] , [3D] , [21] for 
n — 3. In the last three papers the unknown boundary is a graph. In all the 
cited papers the stability results, proved under a priori regularity assumption 
on / up to a finite order of differentiability, are of logarithmic type. Such a 
type of stability is optimal, [3], [52]. Logarithmic stability estimates for n = 2, 
when cr is inhomogeneous, discontinuous and under relaxed a priori assumption 
on /, have been proved in [4], [130j and, for n > 3, in [5] (see also [6]). In [17] 
a Lipschitz stability estimate has been proved (in Dirichlet case) under the a 
priori assumption that / is a polygonal line, a is homogeneous, n = 2. 

In the above mentioned papers [H], [1^, [30], [SI], 0], |130| the proof of 
stability results is based on arguments related to complex analytic methods 
which do not carry over the case n > 3. In [5], where the case n > 3 is studied, 
the proof of the results is based on some quantitative versions of strong unique 
continuation properties of solutions to elliptic equations. The methods in [5] has 
been used to prove stability for many inverse problems (not only for second order 
ellipic equations [119j . [120j ) with unknown boundaries. In particular, for the 
parabolic inverse problems with unknown boundaries, such arguments have been 
used in Section |4] of the present paper for the case of time- varying boundaries 
and in papers [36], [37], [53] for the case of not time varying boundaries. In [36] . 
[37] K depends on x only, in [33] k depends on x ad t. 

The strong unique continuation property in the interior for elliptic equations 
asserts that if w is a solution to div (crVu) = 0, in and u doesn't vanish in 
J7 then, for every xq S ri, there exist C > and K > such that for every r 
sufficiently small we have 



Likewise, the strong unique continuation property at the boundary asserts that 
given a solution u to the equation div (crVu) = 0, in il, and, for instance, u = 
on / C dil, such that u doesn't vanish identically in then, for very xq € /, 
there exists C > and K > such that, for any sufficiently small r we have 



We emphasize that in (|1.3p and (|1.4p the quantities C and K may depend on 
u, but they do not depend on r. In other words, (|1.3[) and (|1.4p tell us that if 
u doesn't vanish in then it cannot have a zero of infinite order in a point of 

nui. 




.K 



(1.3) 




.K 



(1.4) 
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The interior strong unique continuation property for second order elliptic 
equations is known since 1956 by Aronzajn and Cordes papers, [M], [45], and 
since 1963, with optimal assumption regarding the regularity of cr, by N. Aron- 
szajn, A. Krzywicki and J. Szarski paper [15] . Two suitable quantitative versions 
of the strong unique continuation property in the interior are the three sphere 
inequality, [51] , |106j , |107| and the doubling inequality [HZ] . The strong unique 
continuation properties at the boundary for second order elliptic equations has 
been studied in the 90's by Adolfsson, Escauriaza, Kenig, Kukavica and Wang, 

[I], [a, [HS], [sg. 

Now we sketch a crucial and significant step of the proof of [5] when B in (|1.2p 
is the boundary Dirichlet operator. Let Qi, be two domains with sufficiently 
smooth boundaries. For the sake of simplicity let us assume that Oi, fl.2 are two 
convex domains and |r2i| < 1, i — 1,2, where |r2i| denotes the Lebesgue measure 
of Qi. Assume dili = Au li, Intaa [h) nintan {A) = , U n A = dA = dh 
i — 1,2. Let Ui be the solution to (jl.2p when — fJi, i — 1,2. Assume that 

||crVui-Z/-CTVu2-i^llL2(Sx(0,T)) <£• 

By standard estimates for the Cauchy problem and propagation smallness esti- 
mates we have 

ll"l - "2|Iloo(g) <??(£) , (1.5) 

where G = fii n such that E C G and rj (e) is an infinitesimal function as e 
tend to 0, ?y (e) depends on |j/|jj:^i/2(A) and on the a priori information on fi^, 
i = 1,2. By the maximum principle and (|1.5|) we have 



*»llL2(Oi\G) 



< 77(e), 1,2. (1.6) 



Let d be the Hausdorff distance between fii and Vl2. Without any restriction 
we may assume that there exists xq € Ii such that d = dist (xq, ^^2)- Now, by 
(|1.6p and by using a quantitative version of (|1.4p we get 

77 (e)^ 



Finally, the quantities G and K which appear in inequality (II. 7p can be esti- 
mated respectively from below and from above in terms of the quantity "^^^'•'^^ . 

In the sequel of the introduction we shall outline the main steps to de- 
rive some quantitative estimates of unique continuation for parabolic equations 
useful to prove stability results for inverse parabolic problems with unknown 
boundaries. 

Such estimates can be divided in two large classes: 

(i) Stability estimates for noncharacteristic Cauchy problems and quantitative 
versions of weak unique continuation properties for solutions to parabolic equa- 
tions; 

(ii) Quantitative versions of strong unique continuation properties at the interior 
and at the boundary, for solutions to parabolic equations. 

To make clear the exposition we introduce some notation. First we assume 
that the leading coefficients of equations does not depend on u, to emphasize 
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such a condition we replace, in the parabohc operator of (jl.ip . the matrix k by a 
and we assume that a depends on x and t only, a is a real symmetric matrix and 
satisfies a uniform ellipticity condition. We denote by b and c two measurable 
functions from R"+-'^ with value in R" and K respectively. We assume that b 
and c are bounded. We denote by L the parabolic operator 



Let D be a bounded domain in M" and let F be a sufficiently smooth portion of 
the boundary dD. Let gi, g2 be given functions defined on F x (0, T). As above, 
T is a positive number. The noncharacteristic Cauchy problem for Lu = can 
be formulated as follows. Determine u such that 



where v is the exterior unit normal to D. 

We say that the Cauchy problem (jl.Sp enjoies the uniqueness property if u 
vanishes whenever gi, 52 do. It is well known, [73], [109j . [127j . that the non- 
characteristic Cauchy problem is a severely ill posed problem, as a small error 
on the data 171, (72 rnay have uncontrollable effects on the solution u of (|1.8p . 
Therefore it is very important for the applications to have a stability estimate 
for the solutions of (|1.8p whenever such solutions belong to a certain class of 
functions. There exists a very large literature, for parabolic and other types 
of equations, on the issue of stability, we refer to the books [HI] and |109j for 
a first introduction on the subject. The uniqueness for the Cauchy problem 
(jl.Sp is equivalent to, [122j . the so called weak unique continuation property for 
operator L. Such a property asserts that, denoting by w an open subset of 
D, if u is a solution to Lu = in D x (0,T) such that u = in w x (0, T) 
then M = in X (0, T). If F is smooth enough, say C^'^, then stability esti- 
mates for the Cauchy problem (jl.Sp can be derived by a quantitative version of 
the above mentioned weak unique continuation property, see Section 13.51 of the 
present paper for details. In turns, such a weak unique continuation property, 
is a consequence of (but not equivalent to) the following spacelike strong unique 
continuation property [8] for the operator L. Such a property asserts that, if 
u is a solution to Lu = in x (0, T), to G (0, T) and u (., tg) doesn't vanish 
identically in D then, for every xq & D, there exist C > and K > such that 
for every r, < r < dist (xo, dD), we have 



In other words, if the the operator L enjoies such a spacelike strong unique 
continuation property then u(.,to) either vanishes in D or it cannot have a 
zero of infinite order in a point of D. We emphasize that in (|1.9p . C and K 
may depend on u. The natural quantitative versions of spacelike strong unique 



Lu = div (a {x, t) Vu) — dtu + b (a;, t) ■ Vit -I- c (x, t) u. 



Lu = 0, in D X (0, T) , 
u = gi, onFx (0,T), 
aVu • i/ = 52, on F X (0,T) 



(1.8) 




(1.9) 
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continuation property are the doubling inequality for m (., to), [10], and the two- 
sphere one-cylinder inequality. In a rough form the latter (of which we make an 
extensive use in this paper) has the following form 

where = (Clog^) \ < r < p < _R, the cylinder -B^ (a;o) x {h - R^,to) 
is contained in D x (0, T) and C depends neither on u nor on r. See Theorem 
13.3.31 for a precise statement. 

Before proceeding, we believe of interest to dwell a bit on the regularity of 
the leading coefficients of L that guarantees the uniqueness and the stability for 
solutions to problem (|1.8[) . Indeed, by some examples of Miller jll8j and Plis 
|124j in the elliptic case, it is clear that the minimal regularity of a with respect 
to the space variables has to be Lipschitz continuity. On the other hand, if a 
depends on x and t optimal regularity assumptions (to the author knowledge) 
are not known. Even the cases n = 1 or n = 2 present open issues of optimal 
regularity for a. 

Now we attempt to give a view of the literature and of the main results con- 
cerning quantitative estimates of unique continuation for parabolic equations. 
To this aim we collect the contributions on the subject in the following way. 

(A) Pioneering works, 

(B) The case n = 1, 

(C) Weak unique continuation property and Cauchy problem for n > 1, 

(D) Spacelike strong unique property continuation. 

Concerning (A) and (B) we make no claim of bibliographical completeness. A 
good source of references on such points is the book ^35j . 

(A) Pioneering works. Such works concern mainly the case where L is the 
heat operator dt — A. and those paper that are related to the investigation on 
the regularity properties of solutions to dtu — Au = 0, [68], [77], [128| . In this 
group of contributions we have to enclose the classical papers and books in 
which the ill posed character of the Cauchy problem for parabolic equation was 
investigated for the first time [73] , [HI] , [127| . 

(B) The case n = 1. This a special, but neverthless interesting case. Of 
course much more than in the general case {n > 1), operational transformation, 
particular tricks and even resolution formulae are available in the case n = 
1, [33], [34], [44], [73 • In such a case the regularity assumption, especially 
concerning the leading coefhcient, can be releaxed [74], [105) . [90] . 

(C) Weak unique continuation property and Cauchy problem for n > I. The 
most parts of the papers of this group share the Carleman estimates technique 
for proving the uniqueness and the stability estimates. The basic idea of such a 
technique has been introduced in the paper |38| to prove the uniqueness of solu- 
tion of a Cauchy problem for elliptic systems in two variables with nonanalytic 
coefficients. Nowadays the general theory of Carleman estimates is presented in 
several books and papers [66], [78], [79], [98], [99], [101], [87], [109], [133], [T36] . 
|144| . In particular in [98] a general theory of Carleman estimates for anisotropic 
operators (of which L is an example) has been developed. Nirenberg [122j has 
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proved, in a very general context, the uniqueness for the Cauchy problem (and 
the weak unique continuation property) when the entries of matrix a are con- 
stants. It is remarkable that in such a paper Nirenberg has posed the question 
whether for a solution u of the equation Lu = in 13 x (0,T), D as above, it 
is true that u{.jto) = in w, w open subset of -D, it implies u{.,to) = in 
D. In other words, the question posed by Nirenberg is whether a weak form of 
the above mentioned spacelike strong unique continuation holds true. John [81| 
has proved some stability estimate for the Cauchy problem for the operator L 
under the same hypotheses of [122j . Lees and Protter, [llOj . |126| . have proved 
uniqueness for the Cauchy problem, when the entries of the matrix a are as- 
sumed twice continuously differentiable. To the author's knowledge a stability 
estimate of Holder type for the Cauchy problem for the operator L, under the 
same hypotheses of [llOj . |126j . was proved for the first time in [11], see also 
[10]. Many authors have contributed to reduce the regularity assumption on a 
in order to obtain the weak unique continuation for operator L, among those 
we recall [5B] , |132| , the above mentioned [SS] and the references therein. In the 
context of a quantitative version of weak unique continuation properties for op- 
erator L we mention the so called three cylinder inequalities. Roughly speaking 
these are estimates of type 

ll"llL2(Sp(xo)x(to,T-to)) - ^ \\^\\L^Br{xo)x{0,T)) W'^W L^Br{xo)x{Q,T)) (l-^) 

where 7 G (0, 1), < r < p < i?, e (0,T/2), the cylinder Bu (xq) x (0,T) is 
contained in J9 x (0, T) and C depend neither on u nor on r, but it may depend 
on to- Such an estimate has been proved in [55], |137| when a £ C^. More 
recently, [59j . [142] . the regularity assumption on a (up to Lipschitz continuity 
with respect to x and t) has been reduced and and has been proved with an 

optimal exponent 7, that is 7 = (Clog ^) . Inequality (jl.lip and its version 
at the boundary has been used in [53] to prove optimal stability estimates for 
the inverse parabolic problem (Dirichlet case) with unknown boundary in the 
case of not time- varying boundary. 

(D) Spacelike strong unique property continuation. Such a property and 
the inequality (|1.10p have been proved for the first time in 1974 by Landis 
and Olcinik [108^ in the case where all the coefficients of operator L do not 
depend on t. In |108j the authors found out a method, named by the authors 
"elliptic continuation tecnique", to derive unique continuation properties and 
their quantitative versions by properties and inequalities which hold true in the 
elliptic context. They have employed this method also for parabolic equation 
of order higher than two and for systems. The elliptic continuation technique 
depends strongly on the time independence of the coefficients of the equation. 
Some fundamental ideas of such technique can be traced back to the pioneering 
work of Ito and Yamabe [103j . Roughly speaking the above method consists of 
the following idea. Let m be a solution to the parabolic equation 

div (a (x) Vu) - dtu + b (x) ■Vu + c{x)u = (1.12) 

and let to be fixed, then u(.,to) can be continued to a solution U{x,y), y € 
(—S,S), (5 > 0, of an elliptic equation in the variables x and y. In this way 
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some unique continuation properties (and inequalities) of solutions to elliptic 
equations can be transferee! to solutions to equation (|1.12p . In [108j the regu- 
larity assumption on the matrix a are very strong, but in 1990 Lin [112] has 
employed the same technique to prove the spacelike strong unique continuation 
properties for solution to (jl.l2p assuming a merely Lipschitz continuous. In [55] . 
[57] the elliptic continuation technique has been used to prove some two-sphere 
one-cylinder inequality at the boundary (with Dirichlet or Neumann condition) 
for solution to (|1.12p . 

A very important step towards the proof of the spacelike strong unique 
continuation property for parabolic equation with time dependent coefficients 
consists in proving the following strong unique continuation properties: let u 
be a solution oi Lu — in D x (0,T), and (a;o,io) ^ D x (0, T) then u{.,to) 
vanishes whenever 

u{x,t) =0 (j^\x - xof + \t - to\^^^^^ , for every iVeN. 

Such a properties has been proved for the first time by Poon |125j when Lu = 
dtu—Au+b {x, t)-\/u+c {x, t)u, D = R" and u satisfies some growth condition at 
infinity. Hence in [125] the strong unique continuation property has been not yet 
proved as a local property. Such a local strong unique continuation property has 
been proved, by using Carleman estimates techniques, in |57j for the operator 
Lu = dtu—div (a (x, t) \/u)+b (x, t)- Vw-f c (x, t) u when a is Lipschitz continuous 
with respect to the parabolic distance and 6, c are bounded. In [8] the spacelike 
strong unique continuation has been derived as a consequence of the mentioned 
theorem of [57] and of the local behaviour of solutions to parabolic equation 
proved in [7]. In [64| the same spacelike strong unique continuation property 
has been proved as a consequence of a refined version of the Carleman estimate 
proved in [57] ■ The natural quantitative versions, that is the two-sphere one 
cylinder inequality and doubling inequality on characteristic hyperplane, have 
been proved in [60]. In the present paper. Subsections 13.11 and 13.21 are devoted 
to a complete proof of the two-sphere one-cylinder inequality (at the interior 
and at the boundary) and a simplified version of the proof of the Carleman 
estimate proved in [57] and [64]. Quite recently the spacelike strong unique 
continuation property has been proved in [89] with some improvement on the 
regularity assumption on coefficients of operator L. 

The two-sphere one-cylinder inequalities are the essential tools to prove the 
stability estimate of logarithmic type for the inverse parabolic problems pre- 
sented at the beginning of his paper, see Section [4] and, in particular Theorem 
14:0:31 for details. 

Finally let us give the plan of the paper. 

Section\^ Main Notations and Definitions. 

Section\3[ Quantitative estimate of unique continuation. 
Such a Section is subdivided in the following five Subsections. 
Suhsection \3.1\ Parabolic equations with time independent coefhcients, 
Subsection \3.^ Carleman estimate, 
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Subsection \3.S[ Two-sphere one-cylinder inequalities, 
Subsection 3.4 Smallness propagation estimate, 
Subsection 1 3. 51 Stability estimates from Cauchy data. 



Section [7] Stability estimates for Dirichlet inverse problem with unknown 
time-varying boundaries. 

Such a Section is subdivided in the following four Subsections. 
Subsection 4-1 Proof of Theorem 14.0.31 fit s the main Theorem of|4]), 
Subsection\j^ Proofs of Propositions SXH [HIl WT^ [iX51 [iXBl (the state- 
ments of such propositions are given in Subsection 14. ip . 
Subsection \4.3\ Some extensions of Theorem 14.0.31 

Section\^ Exponential instability, 
such a Section [5] is subdivided in the following two Subsections, 
Subsuhsection \5J\ Exponential instability of the Dirichlet inverse problem with 
time- varying unknown boundary, 

Subsubsection \5.1\ Stability properties of the Dirichlet inverse problem with 
unknown boundary independent on time. 



2 Main Notations and Definitions 

For every x G M", n > 2, x — {xi, ...,Xn), we shall set x — {x',Xn), where 
x' = {xi, ...,Xn-i) G M"^^. We shall use X = to denote a point in R"+^, 
where a; G M" and t e R. For every x e W^, X ^ {x,t) e M"+i we shall 

set |a;| = I X) ) \X\ = (|a;| + \t\\ . Let r be a positive number. 

For every Xq G M" we shall denote by Br (xq) — {x E M" : jx — a;o| < (the n- 
dimensional open ball of radius r centered at xo) and i?^ (xq) — {a; G R"^i : jx' — Xq| < ?■} 
(the {n — l)-dimensional open ball of radius r centered at x'q). We set generally 
Br = Br (0) and B^ = (0). Wc shaU denote by B+ = {x € Br : x^ > 0}. For 
every Xq G R"+i we shaU set Qr {Xq) = Br (xq) x (ip - r^,to). 

Let / be an interval of R and let {D {t)}^^j be a family of subsets of R", we 
shall denote D (1) = [j D (t) x {t}. 

tei 

Ozt 

Given a sufficiently smooth function u of x and t, we shall denote diU = — — , 

OXt 

dfiU = — — - — , i.j — 1, ...,n and dtu — —. For a multi-index B — (Bi, ...,Bn), 
oxiOXj at 

A G NU{0}, i = l,...,n and k G NU{0}, we shah denote, as usual, dl^d^u = 

— g g , where = J2 Pi- Also, we shall write V (.) — (.), div (.) = 

dxi ...dx'ndt'^ i=i 

div^ (.). 

Let Z3 be a subset of R"+i, / a function defined on D and a G (0, 1], we 
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shall set 



[/]«;£. = sup < 



\f ix,t) - f {y,T) 



^ {\x-y\ 
If a e (0, 2] we shall set 



+ \t- 



a/2 



{x,t),{y,T) e D, {x,t) ^ {y,T) 



{f)a;D = sup ' 



|/(a:,t)-/(a:,T)| 



a/2 



ix,t),{x,T)eD,tT^T\ 



Let k he a positive integer number, D an open subset of / a sufficiently 

smooth function and a G (0, 1]. We shall denote by 



[/] 



k+a;D 



E 

|/3|+2j=fe 



a:D 



if)k+a;D- E \ ~ -/l+a;D 
|/3|+2j=fc-l 

If a e (0, 1] and [/]„.£> is finite, we shall say that / is Holder continuous {Lip- 

schitz continuous whenever a = 1) in D or that / belongs to C"''*. Let fc be a 
positive integer number, a G (0, 1] and let D be an open subset of M""*"^, we shall 
say that / belongs to the class C*^'" whenever for every multi-index /3 and every 
nonnegative integer number j such that |/3| + 2j < fc there exist the derivatives 



d^dlf and the quantities sup dl^dff 

D 



If] 



k+a:D 



and {f)f^ 



■D 



are finite. If / 



is a function which doesn't depend explicitly on t we shall continue to use the 
definition above, more precisely for a function / : O — > R, where Q, C R", we 
shall say that / € 0^^°" (17) whenever, considering the function / : O x M — > M, 
f{x, t) = f (x) for every (x, t) e fl x R, we have fe C^'" {n x M). 

Let Xq — {xo,to), Yq = {yo,To) he two points of we shall say that 

S : M"+-'^ M"+^ is a a rigid transformation of space coordinates under which 
we have Xq = if S {X) = {a {x) ,t — to + tq) where a is an isometry of M" 
such that cr (xo) = yo- 

Definition 2.0.1 Let fl be a domain in IR"^"'^. Given a positive integer number 
k and a € (0, 1], we shall say that a portion T of 917 is of class C''^-" with 
constants po, E > if for any Xq E T, there exists a rigid tranformation of 
space coordinates under which we have Xq = and 

17 n (s;, (0) X {-pIpD) = {xe (O) x {-pIpI) x^ >v{x',t)], 



where </5 G 



and 



i^'po (0) ^ {-Po^Po}) satisfying 

<^(0,0) = I V,-<^ (0,0)1=0 

ll'/'llc'=.= (B^JO)x(-pg,p§)) <^Po. 
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Remark 2.0.2 We have chosen to normalize all norms in such a way that their 
terms are dimensional homogeneous and coincide with the standard definition 
when po — 1. For instance, for any (p G C'''" {B'^^ (0) x (— PojPo)) ™^ 



1=0 \P\+2j=l 



" ((V')fc+a;B;jO)x(-p;^,p^) + Mfc+a;S^^(0)x(-p^. 



Similarly we shall set 



1/2 



where dX — dxdt. 

For any matrix M in G((0, T)), wc shall denote its transposed by AI* and 
its trace by tr(M). 

We shall fix the space dimension n > 1 throughout the paper. Therefore we 
shall omit the dependence of various quantities on n 

We shall use the the letters C, Co, Ci ... to denote constants. The value of 
the constants may change from line to line, but we shall specified their depen- 
dence everywhere they appear. 



3 Quantitative estimate of unique continuation 

In Section 13.11 we present the so-called elliptic continuation technique due to 
Landis and Oleinik, [108] . In Section 13.21 we state and prove the Carleman 
estimate (Theorem 13.2.31 below) for parabohc operators proved in [57], [64], see 
also [60]. In order to prove such an inequality we adapt to the case of variable 
coefficients the approach used in [5S] for the heat operator. In Section 13.31 we 
apply the Carleman estimate to prove the two-sphere one-cylinder inequality 
at the interior and at the (time varying) boundary. In Section 13.41 we shall 
prove a smallness propagation estimates for solutions to parabolic equations on 
a characteristic hyperplane up to a time varying portion of a Lipschitz boundary. 
Finally, in Section 13.51 we prove some sharp stability estimates for the Cauchy 
problem for parabolic equations. 



3.1 Parabolic equations with time independent coefficients 

In this section we present some quantitative estimates of unique continuation 
for solutions to parabolic equations whose coefficients do not depend on t. The 
method for deriving such estimates has been introduced in [108] and, concerning 
the smoothness assumption on the coefficients, has been improved in [112] . In 
what follows we give an outline of the above method and we limit ourselves to 
present detailed proofs only of the main points of the method, we omit the most 
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technical proofs for which we refer to the quoted hterature and especially to 
[36] . Throughout this section, for any positive number r, we shall denote by Br 
the {n + l)-dimensional open ball of radius r centered at and we shall denote 

by B+ = ^^x eBr-- Xn+i > o|. 

In order to simplify the exposition we consider the equation 

Lu div (a (x) Vu) ~ dfU = , in Bi x (0, 1] , (3.1) 

where a (x) — |a'^ (x)^'^ is a symmetric n x n matrix whose entries are real 
valued functions. When ^ £ R" and x, y £ R" we assume that 

n 

and 

5^ (a'M^)-«'My))M <A|x-y|, (3.3) 

where A and A are positive numbers with A G (0, 1]. 

Let u £ H"^'^ {Bi x (0, 1)) be a solution to (|3.ip . Denoting by u the following 
extension of u 



u {x, t) , if {x, t) £ Bi X (0, 1) , 
-3u {x, 2 - i) + 4u (x, I - i<) , if (x, t) £ Bi x [1, 2) , 



(3.4) 



we have u £ iJ^.i (5^ x (0, 2)) and, ^Ij, 

II"IIh2,1(Six(0,2)) - ^ ll^ll_ff2,i(Bjx(0,l)) ' ('^■5) 

where C is an absolute constant. 

Let 1] £ ([0, +00)) be a function satisfying < 77 < 1, = 1 in [0, 1], = 
in [2, +00) and |?7'| < c, in [1,2]. Moreover, denoting by u the trivial extension 
of 77 {t)u{x, t) to (0, +00) (i.e. u{x,t) — Q ii t > 2), let us denote by ui, U2 the 
weak solutions to the following initial-boundary value problems respectively 

Lui = , in _Bi X (0, +00) , 

ui = , on dBi X (0, +00) , (3.6) 
ui(.,0) = u(.,0) , inBi 

and 

Lu2 = , in Bi X (0, +00) , 

U2 = M , on dBi X (0, +00) , (3.7) 
M2(.,0) = 0,in Bi . 

Since ui + U2 = u on dBx x (0,1] and (ui+U2)(.,0) — u(.,0) in Bx, by 
uniqueness theorem for initial-boundary value problem for parabolic equations 
we have 

Ml [x, 1) + U2 [x, \) = u {x, 1) , for every x £ Bi. (3.8) 
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In what follows we shall denote by C-p the constant appearing in the following 
Poincare inequality 

/ ,f {x) dx <Cv f I V/ (x) I' dx , for every / G {B{) , 

J Bi J Bi 

where we recall that C-p < 1, [70], and C-p — p-, where feg is the smallest 
positive root of the Bessel function of first kind J n-2 , [46j . Let us denote 

&i - 7^ , (3.9) 

and 

H= sup |k(.,t)|lai(B,) • (3.10) 
te[o.i] ■ ' 

Proposition 3.1.1 Let u and U2 he as above. We have 

||"2(.,t)||ffi(B,) <CiiIe-''i(*-2)+ , for every teiO,+cx,), (3.11) 

((t — 2)^ is equal to t—2 if t > 2 and it is equal to ift <2) where Ci, Ci > 1, 
on A and A only. 



Proof. Let 

where u is the function defined above. Denoting F = —Lu, we have 

Lv = F /m Bi X (0, +oo) , 

w = , on X (0,+cx)) , (3.12) 
v{.,{)) = -u{.,Q) ,inSi. 

We claim 

\\u2{.MmB,)<CH , for every [0,2], (3.13) 
\\Vu2 (., i)|li2(B^) < CH , for every t e [0, 2] , (3.14) 

where C depends on A and A only. 

In order to prove p.l3p let us multiply the first equation in p.l2p by v and 
integrate over Bi x (0,t). We get, for every t e [0,2], 

{x,t)dx < 2 \\F\\l2,B y,(o 2))+ [ u^{x,0)dx + 2[ drf v^{x,T)dx. 
By applying Gronwall inequality we have 

/ v^{x,t)dx<e^(2\\F\\l2^B^^^„^^y^+H^) , for every i e [0, 2] . (3.15) 

Now by (j3.5p and regularity estimate for parabolic equations we have 

II^IIl^(b,x(o,2))<^^^. (3-16) 
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where C depends on A and A only. From this incqiiahty and (|3.15p wc obtain 

In order to prove (|3.14p let us multiply the first equation in (|3.12p by dtv and 
integrate over Bi x (0,t). We obtain 

xj \Vv{x,t)\'dx<X-' f |VM(x,0)|'dx + 2||F||i.(5^,(o_2))> 

SO, by (|3.10p and (|3.16[) we have (|3.14p . Claims are proved. 

Now let us denote by /i^, fc G N, the decreasing sequence of eigenvalues 
associated to the problem 



div (aV(^) — in _Bi, 
(/3 = 0, on dB\ 

and by (pfc, fc S N, the corresponding eigenfunctions normalized by 

Lp\ (x) da; = 1, fc e N. 



where 



/3fc = / U2 ix, 2) (^fc (z) dx, fc e N. 



Since W2 (., 2) = u (., 2) in Bi, by (IXTO)) . (jXTBl) and fXTg)) we have 

•^^1 fc=i 
' \ ul{x,2)dx<CH^e-^''^^*-^\ioi:evei:yt>2, 



< -26i(t-2) 



where C depends on A and A only. 
Moreover, for every t > 2, we have 



p GO 

/ dtU2 {x, t) U2 {x, t) = \ 
•^■^1 k=l 



g2Mfc (t-2)^ 



(3.17) 



We have 

> -6i > Ml > M2 > ■•• > Mfc > ••• • (3.18) 
Since W2 = , on dBi x [2, +oo), we have 

C30 

U2 {x, t)=Yl l^^^k e'^"'*""^ , for every t > 2, (3.19) 

k=l 



(3.20) 



a{x)Vu2{x,t) ■\/u2{x,t)dx (3.21) 
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By choosing t = 2 in (|3.2ip and using (|3.14p we get 

oo 

J2W\Pl<CH\ (3.22) 



k=l 



(3.23) 



where C depends on A and A only. 
By dsn]), ([3:211) and |3:22)) we derive 

/ |Vu2 (a;,t)|^da; < CH^e-^''^^*-^\ for every ^ > 2, 

where C depends on A and A only. 

Finally, from ((3l3l) . ((3ll)) . and ((3:23)) we get ([3lI|) .B 

Let us still denote by U2 the extension by of U2 to Bi x R and let us 
consider the Fourier tranform of U2 with respect to the t variable 

/' + 00 /' + 00 

U2{x,fi)^ e-'''*U2{x,t)dt= e-'''^U2{x,t)dt , n eR . (3.24) 



We have that U2 satisfies 

div {a (x) Vu2 (a;, /i)) — i^U2 {x, /i) = , if (x, /i) G Si x R. (3.25) 
Proposition 3.1.2 Lei U2 be as above. We have, for every /i g M, 

ll"2(.,/i)IL.(s,,,) <cCiA-ii/(^2+l^e-l^l'''^ , (3.26) 

where c is an absolute constant, Ci is the constant that appears in US. 11]) and S 
is given by 

<5=A. (3.27) 

STre 

Proof. Let us denote, for every /i, ^ G R, x e -Bi 

y{x,£,;fi) = e'l^l ^ ^U2 {x,fi) . 

For every /i G R\ {0}, the function v (., .; /i) solves the uniformly elliptic equa- 
tion 

div (a (x) Vu (a;, C; m)) + isgn (^) a|w (a;, /x) = 0, in Bi x R. (3.28) 
Let fc G N and denote by r„i = 1 — for every m G {0, 1, k}. Moreover set 

0, if \s\ > r„,. 



hm{s)=^{ i (1 + cos27rA: (r„+i - s)) , if r-^+i < |s| < r„, 

1, \s\ < r„j+i. 
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Vm {X,0 = /im (|C|) 



and 



Vm {x, n) = dfv (x, ^; ^) , to e {0, 1, k) . 
We have that «„(.,.; /i) satisfies 

(a (x) Vvm (x, ^; ^)) + isgn (^) (x, ^; ^) = 0, in Si x 



(3.29) 



Multiplying equation p.29p by w„i ix,£,; /i) 77^ ix,£,) (here denotes the com- 
plex conjugate of and integrating over Dm = x (— r^, rm), we obtain 



D„ 



{a\/vm ■ Vum) f]mdxd£_ + j \d^Vm\'^ vlidxd^, < C2TO^ / \vm\^ Vm^xdS, 



|2 „2 



where C2 — — ^ 
Therefore, for every m G {0, 1, ■■■,k}, we have 



(3.30) 



By iteration of (|3.30p for to = 0, 1, fc — 1, we get 



Si/2X(-l/2,l/2) 



Id^v] dxd£, < 2 



C2^ 

A 



\u2 (x, . (3.31) 



Bi 



Now, let us estimate the integral at the right-hand side of p.3ip . By (|3.1ip and 
Schwarz inequality we have 



\u2ix,^j.)\ dx 



< dx 

'Bi 



Bi 

+ 00 



Bi 

+ 00 



+ 00 



3"*''*U2 {X, t) dt 



dx 







where c is an an absolute constant and Ci is the constant that appears in p. lip . 
By the just obtained inequality and by (|3.3ip we get, for every fc S N, 



dxdS, < cCfH'' 2 



A 



(3.32) 



/Si/2X(-l/24/2) 

where c is an absolute constant. 

For fixed /i € M\ {0} and ip & L'^ (-^1/2: C), let us denote by the function 



*(0- / v{x,^;fi)^{x)dx, 
Recall now the inequality 



(3.33) 
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where J is a bounded interval of R, | J| is the lenght of J and c is an absolute 
constant. 

By ((X^ and (^331), we have that for every fc e N U {0} and ^ e (-^,5), 



< cCiH I 



(3.34) 



By using inequality (|3.34p and the power series of 5" at any point such that 
i?e(^o) G (^51 5)1 -Rc(^o) = 0, we have that the function 'J can be analitically 
extended in the rectangle 

Q = e C : i?e (0 e ^) , Im {0 e (-25, 2(5)1 , 



where 5 — . Denoting by ^' such an analitic extension of to Q we have 

Sttc 



(3.35) 



where c is an absolute constant. 

On the other side, by the definition of v we have 



*(-i(5)= / el''l'''*M2(:J,M)V'(^) , 



so that, by dSSSl), we obtain ([X^ .B 

Estimate (|3.26p allows us to define, for every x e -B1/2 and y e (— \/2(5, ^/2S) , 
the function 



W2 (a;, y) = ^ '2*''^2 (a;, cosh y^/^ifiyj dfi , 



(3.36) 



where 



1 „-f isgn(/i) 



It turns out that W2 satisfies the following elliptic equation 

div (a (x) Vw2 (a;, y)) + dyW2 (x, y) = 0, in B1/2 x (^-^25, V25^ 
and the following conditions at y = 

W2 {x, 0) — U2 (a;, 1) , for every x G -B1/2 , 
dyW2 {x, 0) = , for every x e i?i/2- 



(3.37) 



(3.38) 
(3.39) 

Moreover, notice that 'W2 is an even function with respect to the variable y. 
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Now let us consider the function ui. Since such a function is the sohition to 
initial-boundary value problem (|3.6[) we have 



ui(a:,t) ^^afce^'-Vfc W , (3.40) 
fc=i 

where fik and (pk (x), for fc G N, are respectively the decreasing sequence of 
eigenvalues and the corresponding eigenfunctions associated to the problem 

div (aVip) ~ in 
ip — 0, on dBi 

and 

ctk — ui {x, 0) (fik (x) dx, k 



Let us define 



OO 

{x,y) = ^ake^"'ipk{x)cosh(^y/\^\y^ , (3.41) 



fc=i 



It is easy to check that wi is a solution to equation (j3.37p and satisfies the 
following conditions 

wi {x, 0) = ui {x, 1) , for every x £ Bi , (3.42) 

dyWi {x, 0) = , for every x G (3.43) 

Moreover, notice that wi is an even function with respect to the variable y. 
Now, let us define 



w ^ wi +W2, m Bi/2 X (^~V2d,V2S^ , (3.44) 

we have that w is again a solution to equation (|3.37p , it is an even function with 
respect to the variable y and, as a consequence of (13. 8p . (|3.38p . (|3.42p . we have 
that w {x, 0) = u (x, 1) for every x £ i?i/2. In addition by p.39p and (|3.43p we 
get dyW {x, 0) = , for every x £ -61/2- Also, observe that by (|3.26p . (|3.36p and 
p.4ip we derive 

lk(.,2/)|li2(B,,,) (^1 + ^) , for every y G (^-^,0 . (3.45) 

Indeed, if y G (^f j f ) then, by Schwarz inequality, we have 



1^2 {■,y)\'^ 



1 

< — 



+00 

i^(Bl/2) 

+ 00 \ / n-\-00 







/ dx 


-f 


' Bi/2 


27r y_ 



(27r) Jbi/2 \J-oo 
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where c is an absolute constant and Ci is the constant that appears in (j3.1ip . 
Moreover, for every j/ e M we have 

oo 

fc=i 



fe=i 

By the inequaUties obtained above we get (|3.45p . 

In the foUowing proposition we summarize the resuhs obtained above 

Proposition 3.1.3 Let w be the function defined in ^KJ^- Then w is a solu- 
tion to the equation 

div (a (x) Vw {x, y)) + dfjW {x, y) = 0, in B1/2 x V2S^ (3.46) 

and w satisfies the following conditions 

w (x, 0) — u {x, 1) , for every x E Bi , (3.47) 

dyW (x, 0) = , for every x £ Bi. (3.48) 

Moreover w is an even function with respect to the variable y and w satisfies 
inequality |g.^5[ j. 

The foUowing lemma is nothing else than a stability estimate for the elliptic 
Cauchy problem ()3.46|) - ()3.48p . A detailed proof of such a lemma can be found 
in Lemma 3.1.5 of [36 . 

Lemma 3.1.4 Let w be the function defined in ^3.44^ - Then there exist con- 
stants C, C > 1, 7o, P, 7o,/3 G (0, 1), depending on A only such that for every 
r < ^7o the following estimate holds true 

/3 / „ \ I-'' 

,.2 I I / „..2, 



w^dxdy <C yj w^ix, 0) dx j ^ J w^dxdy j , (3.49) 

where p — ^^^^ r and p = 2\f2p. 

Now we recall the three sphere inequality for elliptic equations j91j . In what 
follows we denote by a (x, y) = {a'^ (x, ?;)}"^_^ a symmetric (n + 1) x (n + 1) 

matrix whose entries are real valued functions. When ^ G and (x, y) S 

we assume that 

<A-MCl' (3.50) 
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and, for every (xi,yi) , (2:2, 2/2) € R"'+\ 

\ 1/2 

n+l \ 

^ 2^^2^2,2/2))' < A(|xi-a;2| + |2;i-2;2|) , (3.51) 

^1,3=1 J 

where A and A are positive numbers with A G (0, 1]. 

Lemma 3.1.5 (three sphere inequality for elliptic equations). Leta{x,y) 
{a'^ {x,y)yi'^^^ satisfy i3.5U\) . i3.51\} . Let w G (^1) ^'^ weak solution to 

div (aVw) = , m Bi. (3.52) 



Then there exist constants 71, 71 G (0, 1), C, C > 1, depending on A and A on/j/ 
such that for every ri, r2, that satisfy < ri < r2 < < 71 we have 

w^dxdy < C (^-^^ ^ j iS^dxdy^ ^ Hi^dxdy^ , (3.53) 

where 

log (1 + h) 

^o-=^o{ri,r2,rs)^ j ^ . (3.54) 

Theorem 3.1.6 (two-sphere one cylinder inequality for equation 1^3. 

Let u G iJ^'^ {Bi X (0, 1)) he a solution to equation Ii3.1\) and let I13.2\} . 113. 3\) be 
satisfied. Then there exist constants 72, 72 G (0, 1), C, C > 1, depending on A 
and A only such that for every ri, r2, rs that satisfy < ri < '"2 < 727^3 < 7! 
we have 



u^{x,l)dx<K{r2,r3)H^'^^-'^^'U u^{x,l)dx] , (3.55) 



where 

K{r2,r3) = C^^{^ 
r3 - r2 \r2 

log if 

^1 = \l^:iZ ^ (3.56) 

r2 = il~sx)r2 + sxr3 ,sx = j^ ,b=^^ (3.57) 
and (3 is the same exponent that appears in inequality Jg.^gp 
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Proof. Let us consider the function w introduced in (|3.44p . Recall that w 
satisfies ((3^ . ((3Tfl) and ((08)l . Let ri, r2, satisfy 



< ri < r2 < (^4niax|V2, A^^l^ \-3 < 



where 7* — min |7o, "^^^^ j"; 7o f^nd 71 have been defined in Lemma 13.1.41 and 

Lemma [3.1.5l respectivelv. S is given by (|3.27p . Let r2 and b be defined by p.57p . 
we have < bri < < r2 < r2 < < 71. By applying Lemma 13.1.51 to the 
triplet of radii bri, r2, we get 



J w^dxdy < C w'^dxdy'j ^ w^dxdy'j , (3.58) 

where = iJo {bri,r2, r^), with do defined by (|3.56p and C depending on A and 
A only. 

Now, let us recall the following trace inequality. Given r, p, < p < r, 
f eH^ {B+), we have 

f {x,0)dx < c( ^ f{x,y)dxdy + r I {dyf{x,y)fdxdy 

'Bp Jb+ Jb+ j 

(3.59) 

where c is an absolute constant. 

Set T2 = \ [ti + r-i). By Caccioppoli inequality and (|3.59p we have 

2 1 /" 2 1 /" 2 

w dxdy — — I w dxdy H — w dxdy 



-\L w'^dxdy + C{r2-r2f I (l^^wf + {dywf^ dxdy 



> C (ra - r2) -^2^ — 2 /- w^dxdy + / [dyw) dxdy 

^ "^2 J B, J B, I 

> C" (ra - ra) / (x, 0) dx = C" (rg - r2) / (x, 1) dx , 
JBr., Jb,.^ 

where C, C, C" depend on A only. 

By the just obtained inequality and recalling p.44p and (|3.58p we obtain (|3.55p .B 

Corollary 3.1.7 (Spacelike strong unique continuation for equation 

p77])). Let u e (Si X (0, 1)) satisfy equation fO]) . 
If for every k (zN we have 



u^{x,l)dx^O{r^'') , asr^O, (3.60) 

B. 



then 

u (., 1) = , in Bi 
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Proof. Let us fix p e (O, 7I] , where 72 has been introduced in Theorem 
13.1.61 By applying Lemma 13.1.51 to the triplet of radii ri = r, r2 = p and 
^3 = 72, by p.60p and passing to the limit as r tends to 0, we get 

/ {x, to) dx < Ce-^^'' , for every fc € N, (3.61) 
J Bp 

where C depends on A, A and ||^i|lL2(5jx(o 1)) '^^^V ^1 depends on A and 
A, only. Passing to the limit as fc 00, p.6ip yields u (., 1) = in Bp. By 
iteration the thesis follows. ■ 

3.2 Carleman estimate 

In the present section it is convenient to carry out the calculations for the 
backward parabolic operator. Since in other parts of the paper we deal with the 
forward parabolic operator, for the reader convenience, when we consider the 
backward operator, we rename the time variable by s. Thus we denote by 

Pu = d^{g'^ {x,s)dju) +dsu, (3.62) 

where {g^^ {x, s)^^ is a symmetric n x n matrix whose entries are real func- 
tions. When ^ e M" and {x, s) , {y,T) E W^^^ we assume that 

n 

A|C|'< ^5''Ma:,s)C.0<A-M^l' (3.63) 

and 

/ " \ 1/2 

lj^{g^=ix,s)-g^=iy,T)f\ < A {\x - y\' + \s - r\) , (3.64) 

where A and A are positive numbers with AG (0, 1]. 

In order to simplify the exposition and the calculations in the proof of Theo- 
rem 13^2131 below we use some of the standard notations of Riemannian geometry, 
but always dropping the corresponding volume element in the definition of the 
Laplace-Beltrami operator associated to a Riemannian metric. More precisely, 
letting g {x, s) — {gij (x, s)}"^^]^ to denote the inverse matrix of the matrix of 
coefficients of P, we have g~^ {x, s) = {g^^ {x, s)}"^._^ and we use the following 
notation when considering either a function v or two vector fields ^ and 77: 

1- {i\v)= g^j (x, s) ^i-qj , 1^1^ = gij {x, s) , 

n 

2. V.j:V = {div, ...dnv) , VgV {x, s) = g^^ (x, s) VxV [x, s) , div (^) = 
^g^ diving). 

With this notations the following formulae hold true when u, v and w are 
smooth functions 

Pu = Agu + dsu , Ag (v^) = 2vAgV + 2 |Vgf;|^ (3.65) 
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and 

J vAgwdx ~ J wAgvdx = — J (VgW I Vgw) dx . (3.66) 
Also, we shall use the following Rcllich-Necas-Pohozaev identity 

2iP\Vgv)AgV ^ 2diviiiP\Vgv))Vgv)~div(^P\Vgv\lJ + (3.67) 
div {(3) \Wgv\l - 20,(3'' g'^d.vdkv + p'^dkg'' d,vd,v , 

where f3 = (^f3^, ...,/?") is a smooth vector field. 

Lemma 3.2.1 Assume that 9 : (0, 1) {0,+oo) satisfies 

< < Co , \se' {s)\ < CqO (s) , + < Co , (3.68) 



a (s) = s exp I - / (l - exp (~ f ^-^drj) ) ^) . (3.69) 



for some constant Cq . Let 7 > 1 and 

lo V JJt 

Then a is the solution to the Cauchy problem 

A. log f^)^^-M ,a (0) = 0, a' (0) = 1 (3.70) 
as V sa' / s 

and satisfies the following properties when < 7s < 1 

se-^° < cr {s) < s , (3.71) 

e-'^" < ct' (s) < 1 . (3.72) 

Proof. The proof is straightforward. ■ 

Lemma 3.2.2 For every positive number fi there exists a constant C such that 
for all y > and e G (0, 1), 

y'^e^^ < C (^e + (\og ^ e~?^^ . (3.73) 

Proof. Consider the function (p (y) — y — se^ on [0, +cx)). Since the maxi- 
mum of (f is log 1, y — ee^ < log - and we get p.73p when ^ = 1. If ^ > 1, 

we use the just proved inequality and the convexity of y^ to get 

(^)"<(,./,v./. + ,„,_I_)"<2.-.(».+ (i,„gi)") , 

that gives ([X75)) . 
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If < /i < 1 wG obtain (j3.73p by the inequality for /i = 1 and the inequality 
{a + bf < a^ + 6^.H 

In the sequel of this section we shall denote by 

e{s)=s'^^ (^logi^ ^ , se (0,1] . (3.74) 

It is easy to check that 9 satisfies (I3.68P of Lemma 13.2.11 We denote by a 
the function defined in (|3.69p where 9 is given by p.74p and ^ — — with 
a > 1, (5 € (0, 1). In addition, for a given number a > 0, we shall denote by 
CTa (s) = cr (s + a). 

Theorem 3.2.3 Let P be the operator defined in i3. 62\) and assume that \3. 6'J\) 
and \3. 64^ are satisfied. Assume that g'^^ (0,0) — 5^^, i,j — l,...,n. Then 
there exist constants C, C > 1, rjo G (0,1) and 6i G (0,1) depending on A 

only A only, such that for every a, a > 2, a, < a < - — , S G (0,(5i] and 

(52 \ 

0, — , the following inequality 



holds true 



X [0,+oo)), with suppu C X 



2a 



cr^2"-2 (s) Q (s _^ a)) u^e^'^^dX (3.75) 

+ 



^ [s + a) a-^"-^ (s) 9 (7 (.s + a)) iVguj^ e'^dX 
< C / (s + a)^ ^""^ (s) e"^TOrfX+C"a" / (w^ + (s + a) | Vgii|^) 

+CaCT-2a-i („) /■ y2(^^Q)g-^^^_^^W /■ |(V<,u)(a;,0)|^(. o)e-^dx. 

Proof. We divide the proof into two steps. In the first step we prove 
that if the matrix g does not depend on s then there exists G (0, 1) such 
that, for every 5 G (0, (5o], inequality (|3.75p holds true. In the second step we 
prove inequality (|3.75p . for a suitable (5i, in the general case. For the sake 
of brevity in what follows we prove the inequality when the matrix g [x, s) 
and the function u (x, s) are replaced by g {x, s) :— g {x, s — a) and u [x, s) := 
u{x, s — a) respectively, so that g^^ (0, a) = 5^^ and m is a function belonging to 
(M" X [a, +00)). Also, the sign "~" over g and u will be dropped. Finally, 
we shall denote by / (.) dX the integral /u„x[o +00) (•) 

STEP 1 . Set g (x) = g (x, a) and denote 

Pqu ^ di (g'^ (x) dju) + dgU , 

(j){x,s) = -^-^-{a + l)\oga{s) , 
8.S 
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Lv = e'''Po{e-'^v) . 

Denoting by S and A the symmetric and skew-symmetric part of the operator 
sL respectively, we have 



SV = s(^AgV+(\Vg4>\l^ds 



1 

V I ~ —V 



Av = - {ds {sv) + sdgv) — s {vAg(f) + 2VgU • Vgc; 



1 
2 
and 

sLv — Sv + Av 



Furthermore, noticing that 

^g(t) = + V'O {x, s) , 

where ^ 

tpQ (x, s) ^ — {n-tr (5"^) - Xjd,g'^) , 

we write 

sLv = Sv + Aqv — sipov , (3.76) 

where 

1 / 71 \ 

Aov = - [ds {sv) + sdsv) ~s(-—v + 2 (VgW | Vg</.)j . 
CA \x\ 

Noticing that ji/'ol < , where C is an absolute constant, we have by (I3.76P 

s 

2 J s^\LvfdX> J \Sv + Aovf dX - 4: J s^t^lv^dX (3.77) 



> J \SvfdX + J \AovfdX + 2 J SvAovdX -4C^A^ J \xfv^dX. 

Let us consider the term I :— 2 J SvA^vdX at the right-hand side of (I3.77p . We 
have 

I = -2 J (^AgV+{\Vg^\l^ds^)v^ („£„ + 2(Vg«| V<,0))dX (3.78) 
-I- J s (^Agv + {\Vgcf>\l - ds(f>) i;) {ds {sv) + sdsv) dX 



+ J {ds {sv) + sdsv) + sv (^-^v + 2 {\/gV \ Vg0)) 



dX 
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Evaluation of Ii. 
We have 



(3.79) 

+ ^ y swAgwdX + I y" s (|Vg0|^ - a,^) w^dx := /n + /12 + /13 + hi • 
By using identity (|3.67p with the vector field /3 — V gcj) we have 



hi = J {^s^d, {g'^'d.^b) g^'^duvdkv - 2s^Ag4>Wgv\l (3.80) 

Concerning the term /12, by using the identity wVgW — ^Vg (f^) and by inte- 
gration parts, we get 

Now we have 



hence 

h2^2 j s^^AgCp (\SIg^\l - 9,0) dX (3.81) 
+4 / (^d%(l)g''''dh(t>+\djg'"'dkcl}dh<j^ g'^ d,cj,dX - j s\^ds (|Vg0|^) . 



Concerning /13, by the identity vAgV = div {vW gv) — |Vgw|^ and by integration 
by parts we obtain 



h3^-^Js\Vgv\ldX. (3.82) 
Now, let us introduce the notation 

V'l = + 2s^Ag(f>^ (|Vg0|^ - ds(t>) + 2s''djg''''dk(t>dh^g''d,^ , 

Q (Vgv) -25^1^0 |Vg«|^ - 2s2 (g'^^dj^) (dkg'^'dhvdiv) . 
By (pJ9)) . ([3:801) . (IXSTjl . ((3:82)) we have 



h = 4/^2 {9,; (g"^9,0) g^'dhvdkv + d%cj)g^''dhH'' d,^v^} dX (3.83) 
'5-(|Vg<^|') dX+ hWdX+ j Q{Vgv)dX . 
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Evaluation of l2- 
We have 



j svAgvdX + J 2s^AgvdsvdX (3.84) 



Now, we use the identities vAgV = div (uVgw) — |Vgt;|^, 2dsvAgV — 2div {dgvW gv)— 

ds (l^s'^^lg) s-i^d 2vdsV — ds (w^) in the first, the second and the third integral 
at the right-hand side of (|3.84p respectively, then we integrate by parts and we 
obtain 

h = j s\VgV\ldX - j s{\Vg^\l~ds(j^v'' - j S^d,(\Vg^\l^dsC^)vlim) 

-\-a^ I \VgV {x,a)\^gdx ~ gcj) {x, a)\'^g - dscj) {x, a)^ v"^ {x, a) dx . 



Evaluation of 
We have 

/3 = - y" Q + ^) ^^'^^ ~ j svdsvdX + J 2sv {WgV \ Wg(p) dX . (3.86) 

We use the identities vdgV — -dg (u^) and 2v{'VgV \ Wg(f)) = div (v^Wg(j>) — 

v'^Agcf) respectively in the second and the third integral at the right-hand side 
of (|3.86|) then we integrate by parts and we obtain 



R" 

Now, denote by 

Ji = y 'is^d%(t)g''''dh(j}g''di(j)v^dX (3.88) 



J2= n 4s2a, g^'^dhvdkv + s \Vgv\l + Q (V<,«)} dX , (3.89) 

J3 = J {^Pi-syjo)v^dX , (3.90) 
Bi = \\7 gV {x , a)\^ dx + — / v'^{x,a)dx 
(\Vg4> [x, a)|^ - ds4> (x, o)^ {x, a) dx. 



(3.91) 
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By (ElSl), ^M), we have 

/ = Ji + J2 + J3 + 61 . (3.92) 

Let us now estimate from below the terms Jfc, /c = 1,2,3, at the right-hand 
side of (EUl). We easily have 

= > ^S'^ - -| . = 5-" (X) , (3.93) 



As '^^'^=8;^-("+^)7(;y 



Observing that if g*-' (x) = (5'^ , i, j = 1, 2, ...n, x G R", then the term under the 

integral sign at the right-hand side of p.88p is equal to(Q;-|-l)u^ — 4- flog ) , 

a as \ sa' I 

it is easy to check that 



Ji>(a + 1) /sV-#flog^)dX-CA f^-^v'dX 
J (T as \ sa' / J s 



(3.96) 



where C is an absolute constant. 

Likewise, observing that if g^^ (x) = S'^^ , i,j — l,2,...n, e M", then the term 
under the integral sign at the right-hand side of (|3.89p vanishes, so that the 
following inequality holds true 

J2 > -CA J \x\ s iVgvl^ dX , (3.97) 

where C is an absolute constant. 

Now, let us consider J3. Let 6 e (0, 1) be a number that we shall choose later, 

Q; 

let a be the fmiction (|3.69p where J — a > 1 and 9 is given by p.74p . We 
have 

IV'i - s^ol < IV-il + s IVol < + ^ -t- (a + 1) s |x| , 

where C depends on A, A only. By p.Tip and p.72p we have 

(3.98) 



J3>-C' J (^-^ + (a + 1) \x\^ v^dX , 



for every v G (R" x [a. +00)) such that suppv C Bi x 
depends on A and A only. 



a, i j , where C 
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Now by Lemma [MH and by ((HTM)) . dSlZD, we get 

{a + 1) 



I > 



7' 



■ J (7s) v^dX -C J ^(a + 1) + v^dX (3.99) 



-C / |a;|s|Vgf|gdX + ei 



- ) ; ^ where 



for every w £ (R" x [a. +00)) such that suppv C i?i x 
Co is defined in Lemma 13.2. f I and C depends on A and A only. 

Let £0 G (0, f] be a number that we shall choose later. We get 



\Sv\^dX>eo / \Sv\^dX = eo I \{Sv + 9 {js)v) ~ 6 {js)v\^ dX (3.100) 



> -2eo J s9 (7s) vAgvdX-2eo J (^s (| V<,0|^ - 9,^) - i + (7^)^ 9 (7s) v^dX 

- 2so I s9 (7s) (|V,«|^ + |V,0|^ 

-2£o j [s (2 |V,(/)|^ - dsct) -\ + e {is)^ 9 (7,s) v^dX . 
Now by (PTT|) . (|X7^ and dSl^-lISlSl) we obtain 

,s (2 |V,0|^-a.<^) -1+0(75)^0(75) 



(3.101) 



< C I — + (a + 1) 6* (7s) j , for every < 7s < i, a > 1 , 



where C depends on A and A only. 
By (|3.100p and p.lOip we have 



ISvi'dX > 2eo f s9{-fs){\Vgv\l + \Vg(b\lv^^dX (3.102) 



-CiEq 



+ {a + l)9{js) v^dX 



for every v G (M" x [a, +00)) such that suppv C BiX a, , a > 1, where 

Ci depends on A and A only. 

By the just obtained inequality and (|3.99p we get 

1 + J \Svf dX>{a + 1) (^-^ - CiEq^ j 9 (7s) v^dX (3.103) 
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+2£o J sO (75) (1 V,^;|^ + |V,0|^ v^) dX~cji^{a+ 1) + ^ j v 
-C J \x\s{\Vgv\l + \Vgcj,\lv^) +Bi , 



a, ^j, a > 1, where 



for every v £ (R" x [a, +00)) such that supp v C BiX 
C depends on A and A only and Ci is the same constant that appears in p.l02p . 
Now we choose Eq — — — ^ at the right-hand side of p.lOSp . then, recaUing 
(|3.77p and coming back to the function u, we have 



J \Pou\'e"t'dX > J B{^s)u'^*dX 

+ ^ j s0 hs)\Wgu\le^UX +Bi 



(3.104) 



C [{a + l)\x\ + 



u^e^'f'dX-C J \x\s\Vgu\le^'''dX 



for every u G (R" x [a, +00)) such that supp u C i?i x 
C, C > 1, depends on A and A only. 

Now, we use Lemma [3.2.21 to prove the following estimates 



a, ^ j , a > 1, where 



(1 + a)\x\+^-^] u^e^^dX < C (e^°7)' 



u^dX 



(3.105) 



+Ca5 j 9 (7s) u'^e'^'I'dX , 
J \x\ s e'^dX < C (e^°7)'"^" / ^ |V<,m|^ dX 
+CS J e{js)s\\/gu\le^'''dX , 



where C is an absolute constant. 



1 



By applying Lemma [3.2.21 with ji = —, y = £ = (7s) and by using 
(|3.7ip we have 



(3.106) 



1/2 



a; e 



20 



(4.) 



1/2 



-2(q+1) 



4s 



(3.107) 



< C I (7s)"+^ si/2^-2(a+i) ^ ^1/2 ( ( - + 2« ) log ^ j a '---e-T^ 



1 \ 



1/2 



-2(a+l), 
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- 59 (7s) e^"^ 



hence p.l06p follows. 

Likewise, by applying Lemma |3 . 2.21 with /i = — , y = -i^, e = (73)^^^" we have 



s \ 4s 



3/2 



e 4s cr 



-2(a+l) 



(3.108) 



<c((e^«7)'"^' + a<5e(7s)e'^) • 



By (PHITI) and ([XTU5)) we get 

Finally, by (|3.104|) . (|3.105p and (|3.106p we have that there exists 5^ e (0, 1] 
such that for every 6 & {0,So], a> 1, m G (R" x [a, +00)) such that supp u C 



Bi X 



a, ^ j , the following estimate holds true 



> 



a + l 
C 



C 



where C > 1 depends on A and A only. 

STEP 2. It is simple to check the following identity, for fc G {1, n} 

Po [{dkuf) = 2dk (dkuPou) ~ 29, {dkU [dug'' {x, a)) d,u) 

-2dl^uPou + 2 {dkg'' {x, a)) d,udlu + 2g'^ (x, a) df,ud%u , 

(recall that (Pqu) {x, s) = dj (g*^ {x, a) diU {x, s)) +dsU {x, s)). Now we multiply 

both sides of the above inequality by a e 4= and we integrate by parts. 
We obtain, for any k e {1, n}. 



2 / {g^^{x,a)dlud%u)a'-^^e-^dX 



(3.110) 



+2 / jafeg'^ (a;, a) djudkU 



dX + 2 \dkuPou\ 



dX 



(7 e 4= 



dX+2 / \dlkuPou\a^~^°'e' — dX 



+2 I \dkg'^ {x,a)djud'fku\a'-'^°'e-"^dX- I {dku{x,a)f a^-'^°' {a)e-"^dx , 
where Pg* = dj {jj^^ {x, a) diU {x, s)) — dgU {x, s). 
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We have 



e 



and 



s 



where C depends on A and A only and C is an absolute constant. 
By the above inequalities and (|3.110p we get 



D'^ul" cr^-^°'e~^dX < Ca I cr~^" |Vgur e~^dX (3.111) 



2a 



+c 



J2 / (a) (^fe" (x, a)f e~^dx = /(I) + + /(3) + j(4) + j(5) _ 



(here \D^u\ = ^ i^ij'^) ) where C depends on A and A only. 



By the trivial inequality — ^ > — , for every s G ( Oj ~ 

s C V 2 



, C > 1, we have 



61 ('ys) 1 

Ci5^ > a, whenever < 7s < -. By the last inequahty and p.7ip we 



have 



(3.112) 



a, , where 



for every a > 1, u G (R" x [a, +00)) such that supp u C i?i x 
C depends on A and A only. 

To estimate 7*^^^ we observe that p.69p gives cr (s) < — , whenever < 7s < 1. 

__ __ "f 

By this inequality, p.7ip and Lemma 13.2.21 we have 









7/ 













^gu\ge- — dX (3.113) 



+ C(5^ / s6'(7s)(7-^-^" |Vgu|^e- — dX 
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for every a > 1, u G (R" x [a, +00)) such that supp u C BiX a, ^ j , where 
C depends on A and A only. 

In order to estimate /^^^ /(''^ and l'-^-' we use the inequahties 2ab < + b^, 

C r,^^^^ 

cr (s) < — , s < 0{'^s), when < 7s < i and Lemma [3.2.21 and we obtain, for 



every a > 1, m e (M" x [a, +00)) such that supp u C i?i x 
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+CS^ I s9{-/s)a-^-^°'\Vgu\\~^dX 



+CS^ 



9 1^1 



(3.114) 



+CS^ / ,sV-2-2"|Poy|2e-^dX , 



(3.115) 



/(5) < 1 I iD^ufa'-^'^e-'-^dX 



where C depends on A and A only. 
By ((3lTT|) - ([3ll6l) we have 



252 



C 



.Co. 



2a+-: 



(3.116) 



s\Vgu\ldX (3.117) 



+C I sd{-fs)a-^-^''\Vgu\le~^dX + C I s^a'^-^" \Pou\^ dX , 



a \g 

for every a > 1, u e (M" x [a, +00)) such that suppu C -Bi x 
C depends on A and A only. 
Now, by the inequality 



27 



where 



\PQu\<\Pu\ + C\'^gu\g + CV~s\D'^u\ , 
where C depends on A and A only and by p.l09p and (|3.117p we obtain 



(3.118) 



-- / se{^s)a-'''^\^gu\le-^dX- 



C 



6{-is)a-^'^°'u^e~ — dX 
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C , r \2a+# 



+ s \Vgu\^ ]dX + C I sV~2"2" \Puf e~^dX 



C I iD'^ui a 



-dX + C I iVg-ul^e-^dX , 



for every a > 1, u G C^' (M" x [a, +00)) such that suppu C Bi x a, ^ j , where 
C, C > Ij depends on A and A only. 

'75 1 

Observing that 6* (7s) > — , whenever < 7s < -, we obtain that, if S is 

C 2 
smah enough and a > 1, the third and the fourth term at the right-hand side of 

(|3.118p are absorbed by the second and the third term at the left-hand side of 

(|3.118p . Therefore there exists Si e (0, Sq] such that for every S ^ {0,Si], a > 1 



and u e (M" x [a, +00)) such that suppu C Si x 
inequality holds true 



a, 
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1 

C 



se (7s) cr"-'-^" IVgUr e-"^dX 



the following 
(3.119) 



C 



e{-fs)a-^-^"u^e- — dX 



C / r-^ \ 2a+2 



u' + s \Vgur )dX + C / s-'a-^-'" |Pur e- — dX - Bi 



where C > 1 depends on A and A only. 

Now for a fixed 5 G (0, 5i\ and a G ( 0, — 

V 47 

—Bi at the right-hand side of (j3.119p . 
We have 



we estimate from above the term 



-Bi = -a" \{Vgu){x,a) + {^gC^){x,a)u{x,a)t .e^^^^-'^'^dx 

W {\ (Vg^) {x, a)|^(,^^) - {x, a) ~ ^ u' {x, a) e^^^^-'^^dx . 
Let e e (0, 1) be a number that we shall choose later. We get 
-Bi < ^ea' [ \iVgu)ix,a)\l^^^^^e''^^-^'^Ux 

Denote by rjo — min {l, ^j}- -'^'^^ choose e = we have, for every x £ Bj^g, 

1 2 1 

YZr^ |(Vg0) (a;, a)|g( - ds(j> (x, a) ~ ^ 

- 3 ^ ' ' ^ 8a2 (7 (a) " e'^ocr(a) 
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Therefore 



for every 5 € (0, SA, a e ( 0, — 

V 47 

SUppU C Bri„ X 



, a > 1 and u € Cff (R" X [a, +cx3)) such that 



a, ^j. This incquahty and (|3.119p give ((375)) . ■ 
3.3 Two-sphere one-cylinder inequalities 

In the present section and in the next two sections we shaU prove some quanti- 
tative estimates of unique continuation for the forward parabohc operator 

Lu ^ a, {g'^ (x, t) dju) - dtu . (3.120) 

Since such estimates are consequence of Theorem l3.2.3[ for the sake of simplicity 
it is better to present their proofs in terms of the "backward" parabolic oper- 
ators p.62p . On the contrary, since in the applications to the stability of the 
inverse problem of Section |4] we shall use the quantitative estimates of unique 
continuation for the "forward" operator (|3.120p . we state such estimates with 
the forward notation. 

In order to prove next lemma we need some properties of the fundamental 
solution r(a:, s;i/, r) of the adjoint operator P* = di (g*-' {x,s)djUj — dgU of 
operator P appearing in (|3.62p . We refer to [16 for the definition and the 
proofs of the properties of function T [x, s; y, r). In what follows we recall some 
properties of T (x, s; y, r) that we shall use later on. 

i) For every (y, r) e R"+^, the function F (., .; y, r) is a solution to the equation 

P* (F(.,.; y,T)) = , in M" X (t, +00) . (3.121) 

ii) For every (a;, s) , (y, t) e R"+"'^ such that (x, s) ^ (y, r) we have 

F(x,s;y,r)>0 (3.122) 

and 

F {x, s;y,T) = , for every s < r . (3.123) 

iii) There exists a constant C > 1 depending on A (and n) only such that, for 
every (x, s) , (y, r) G M"^"'", s > t we have 

e-^^ <V{x,s;y,T)<- -y^e"^ . (3.124) 

iv) If Mo is a function on R" continuous at a point y e R" which satisfies 
g-A'I'^l e (R^), for a positive number /i, then 

lim / F (x, s; y, 0) uq (x) dx = Up (y) . (3.125) 



Moreover by standard regularity results |104| . [lllj we have that, by (|3.63p and 

r2,l 
^loc 



(|3J4l) . for every (y, r) e R"+i the function F (.,'.; y, r) belongs to Hf;l (R"+i \ {(y. 
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Lemma 3.3.1 Let P be operator i3. 62]) whose coefficients satisfy hS. 63\) and 
{3.64^ . Assume that u G H^'^ [Bi x (0, 1)) satisfies the inequality 



\Pu\ < A (|Vu| + |u|) , inBiX [0, 1) 
consta', 

for every pQ,pi,p2,T G I 



(3.126) 



Then there exists a constant C , C > 1, depending on A and A only such that 

satisfying po < pi < p2 the following inequality 



holds true 



V? (x, s) dx > 



(x, 0) dx , for every s G [0, Sq] 



wher 



sq — min •|T, 
(here = max {x, 0} ), 



C 



(log (cNiu)))^ 



N{u) = 



x(0,2T) 



u^dX 



/g {x, 0) dx ' 



and 



C 



T{pi - PoY' ^ {p2 - Plf 



(3.127) 



(3.128) 



(3.129) 



(3.130) 



Proof. Let pi , p2 satisfy < pi < p2 < 1 and let (p he a. function belonging 
to eg (R") and satisfying < <y9 < 1 in M", = 1 in , = in M" \ Bp^ 
and 

(P2 - Pi) |V(^| + ip2 - Plf < C , in Bp, \ Bp, , (3.131) 

where C is an absolute constant. 
Denote 

V {x, t) — U {x, t) Lp [x] . 

By (jXM)) . ^^Mi) . (jXT^ and ([XTM|) we have 

\Pv\<C{\Vv\ + \v\+ExB,,^B,,) , (3.132) 

where 

= (p2~pi)"^||u||^^(^^^^(o,T)) + (P2-pi)"M|Vw||^^(5^^^(o,T)) ' (3-133) 

where XBp^XBp, characteristic function of Bp^ \ Bp-, and C depends on A 

and A only. 

Now, let pq G (0,pi) and let y be a fixed point of Bp^ and denote by 



H (s) = {x, s) r (x, s;y,0) dx , s > 



(3.134) 
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By differentiating H we get 

— —^—^ = 2 / dsV {x,s)v {XtS)T [x,s;y,0)dx + ( {x, s) dsT (x, s;y,0) dx 
as Jr,. Jgn 

(3.135) 

= 2 / {Pv {x, s)) V {x, s)r {x, s;y,0) dx + / {x, s) v {x, s) dgT {x, s;y,0) dx 

(Agw) {x, s) V (x, s) r (x, s; y, 0) dx. 

By the identity 2{Agv)v — Ag (u^) — 2|Vgw|^ and integrating by parts we 
obtain 

(Agu) (x, s) V {x, s) r (x, s; y, 0) dec 



w {x,s) AgV {x,s;y,0)dx - 2 \Vgv{x,s)\ r{x,s;y,0)dx. 

By plugging the just obtained identity at the right-hand side of (|3.135p and by 
using p.l2ip we have 



dH{s) 



— 2 I (Pv {x, s)) V {x, s)r {x, s;y,0) dx+2 j \\7 gV {x, s)\It (x, s;y,0) dx . 



(3.136) 

By using (|3.132p in the identity (|3.136|) we get 



dH{s) 



> +2 1 \Vgv{x,s)\lTix,s;y,0)dx (3.137) 



as 

-C \v{x,s)\ (^\\/gv{x,s)\^ + \v {x,s)\ + Exb,^\b,^)^ {x,s;y,0)dx, 

where C depends on A and A only. 

a2 

By using the inequality 2ab < h sb'^ to estimate from below the right-hand 

e 

side of (|3.137p . we have 
dH{s) 



ds 



> -CH (s) - J^^XB,,\B,r ix,s;y,0)dx , (3.138) 



(Pl -PO) 



where C depends on A and A only. 
Since y e Bp„, by (|3.124p and (|3.138p we have 

^^>-CH{s)-C,E^p--p-)^-^^ , (3.139) 

where C depends on A and A only and Ci depends on A only. 

Now let us multiply both sides of ()3.139p by e*^** and integrate the obtained 

inequahty. We get, for every e £ (0,T) and s G [s,T], 



H is) e^^ > H (e) e^' - C,E' {p^ - p^) / dr . (3.140) 



(pi-pq) 

AC IT 
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By using p.l25p and passing to the limit as e tends to in the inequality (|3.140p , 
we get 



Ct- 



e 



(Pl -po) 

4Ci r 



if(s)e^^ > u'{y,0)~C^E'ip^-p^) J dr (3.141) 

> {y, 0) - CiE \^'^^ n-i ^'^^ ' for every s € (0, To] , 
(Pl - Po) 

where Tq = min | ^^igg°^ and Ci depend on A only. 
Now, integrating over Bpg the inequality (|3.14ip we obtain 



dy / {x,s)r{x,s;y,0)dx (3.142) 

^ VB,„ [pi - po) / 

where C, C > 1, depends on A and A only. 
On the other hand, by (|3.124p we have 

dy / [x, s)T (x, s;y,0) dx (3.143) 

< iv^ (x, s) dyj dx < C {x, s) dx 

and by standard regularity estimates we have 

< 2 — / u^dX , (3.144) 

(P2-Pl) P2T Jbp^x{0,2T) 

where C depends on A and A only. 

By (PH^ . (jXTig)) and (|XTI^ we obtain, for every s e (0, Tq], 



u'^{x,s)dx>— j u'^ {x,0) dx - C^e 'c/ / u'^dX, 

(3.145) 

where 

Cip^-p^)p^ 



c. = 



T{pi - Po)" ^ (P2 - Pi)^ 



and C, C > 1, depends on A and A only. By (|3.145p we get (|3.127p .B 

Now let us introduce a notation which we shall use in Lemma 13.3.21 and in 
Theorem 13.3.31 below. 

Let a > 1, a > 0, fc > 0, p > be given numbers. Denote 

D^;^ = I (x, s) e R" X (0, +(X3) : + log {s + a) < log ^ 1 (3.146) 



39 



and, for p > {4aa)^^^ , 

L'f) = sup |(s + a)"("+'=^ : (x, s) e D^^J \ D^^'^'j . (3.147) 

Lemma 3.3.2 For any positive numbers a, a, k and p > such that a > 1 

1 /2 

and p > (4aa) we have 

l'^;^ < Cfc4" (^^^ ^ , (3.148) 

where Ck depends on k only. 

Proof. First notice that Lp"' < hf^ for every a > 0, hence it is enough to 
prove (|3.148p for a = 0. 

_ _, 

Now, for any fixed x € M", the function s ^ s e 4= attains the maxi- 
mum when s = j^^jpj^- Therefore in order to estimate Lp"' from above we need 



to consider the intersction T of the parabofoid |(x, s) e M"+^ : s = ^la+k) } ^ith 
the set \ -Dp"^ It is easy to c 
equal to the interval / = (4^ 



the set \ -Dp""*. It is easy to check that the projection of F on the s-axis is 



(2p)^ 



Hence we have 



sup {s"°-'=e-"-'= : s e /} 



Theorem 3.3.3 (two-sphere one-cylinder inequality in the interior). 

Let \, A and R be positive numbers, with A G (0, 1] and to G M. Lef L be the 
parabolic operator 

L = d,{g^^ {x,t)d.j)-dt , 

where jy*-^ (x, ^5 a rea/ symmetric nxn matrix. When ^ G M^, (x, t) , (y, r) G 

R^^^-*- assume that 

n 

A|ei'< J2 9''i^:t)i^^J<^~'\i\' (3-149) 

and 

\ 1/2 

I A 1/2 

|] (^^^(x,^-^^^?/,^))'! <-(|x-y|V|t-r|) . (3.150) 
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Let u be a function belonging to H^'^ {Br x {to — R'^,to)) which satisfies the 
inequality 

\Lu\ < A (^-^ + Br X (to - i^^ <o] • (3.151) 

Then there exist constants rji € (0, 1) and C , C > 1, depending on A and A only 
such that for every r and p such that < r < p < rjiR we have 

/ u^{x,tQ)dx< ( -R"^ / v?-dx\ ( u'^{x,to)dx 

(3.152) 

where 

(3.153) 



Clogf 

Proof. Denoting u{x,s) — u{x,to — s), {x,s) — g^^ {x,tQ — s), P = 
di {g'^ {x, s) d-j)+ds, by ([XTST]) it turns out that u belongs to H"^'^ {Br x (O, E^)) 
and satisfies the differential inequality 

\Pu\<a(^-^ + §^ ,inS«x [0,i?2). 

By scaling we have that inequality (|3.152p is equivalent to 

{x, 0)dx <— I u^dX I I / (x, 0) dx 

Bp 

where 0i — i . In what follows we drop the sign " ~" over u and the matrix 

C log ^ r- n 

g~^. First we consider the case g*-' (0,0) = 5^^ and we write the Carleman 

estimate p. 751) in a slight different form which is more suitable for our purposes. 

0(js) 1 

It is easy to check that, by (|3.71|) and by CS^ > a, whenever < 7s < - 

s 2 

and by (|3.75p . we have 




[ a-'^u^e'^^^dX + a [ \\/ guf e^^^ dX (3.154) 

<C [ (s + af a^-" |Pm|^ e~^^ dX+C°'a'' [ (u^ + [s + a) \Vgu\l) dX 

+Caa-°'{a) [ (x, 0) e'T^da; . 
T 

for every a>2, 0<a< — and u G (M" x [0, +00)) such that suppu C 

a 

- \ (5^ 

B„ x 0, ) , where Ti ~ — , and 770, ?7o G (0, 1), C, C > 1, depend on A and 

\_ a J 3 

A only (recall that r/o is defined in Theorem 13. 2. 3p . 
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By using Friedrichs density theorem we can apply Carleman estimate p.l54p 

to the function v ~ U(p, where (pis a. function belonging to ( B„g x 0, 

V L a 

that we are going to define. 

Let i?o = min |-v/Ti, \/e'7o}, G (O, Rq] ■ For any a > 2 denote 

Let ipi be the function which is equal to in K\ [di, c?2] and such that ipi (r) = 
exp (^^l'^r)(T-d.2) ' if € (di, c?2)- Denote by tp2 the function such that 

^.(r) = £^^^,ifr.M. 

It is easy to check that ip2 (t) = 1, for every t e (— oo, c?i), -02 (r) = 0, for every 
T G {d2, +oo) and 



W2 (r)|< 



C 



d2 — di 



mir)\< 



C 



{d2-diY 



if r e [di,d2] 



(3.155) 



where C is an absolute constant. Notice that the right-hand side of inequalities 
does not depend on a and Ri. 
Now, let us define 



(fi (x, S) = 'ip2 



4a (s + a) 



+ log (s + a) , 



(3.156) 



for every a £ 0, — 
a 



and a> 2. 
It is easy to check that e ( B,^^ x 



0, — - ] ] , ip — 1 for every (a;, s) g 



0, — ) ) \ D^^^ Moreover by 



^'^^ = for every [x, s) G ^-Brjo ^ 
(|3.15ip we have that the function v = uip satisfies the inequality 

\Pv\<A{\Vu\ + \u\)x^i.,+C 



1^1 IVg^lg 



X£,(a)^£,(o) 



^a(s + a) (s + a)' 

(3.157) 

where C depends on A and A only. 

Now we apply inequality (|3.154p to the function v. By (|3.157p we obtain, 
for every a > 2, 



ID 



a-"u^e^^^(^dX + a a^" \V gur e^^^(^ dX (3.158) 



D 



(a) 
2?l/2 
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Rl/2 

where 

|2 \ 'I 



I^C^cx" _ . ' +1 hi^ + |V,^| (3.159) 



JBi 

and C, C > 1, depends on A and A only. 

Now, for a large enough, the first and the second integral at the right-hand side 
of p.l58p obtained above can be absorbed by the left-hand side of (|3.158p and 
we have 

f a-^u^e-^^dX (3.160) 

|2 |2 



xr\Vgu\; 

2 ' / , \4 



for every a > C, where C depends on A and A only. 

In order to estimate from above the first integral at the right-hand side of (|3.160p 
we use p.7ip and Lemma 15.3. 2[ so we get 



for every a > C and every a g ^0, where C, C > 1, and C", C" > 1, 

depend on A and A only. 

By the inequality obtained in (|3.16ip and by (|3.160p we have 

c? [ a^°'u^e^'^)dX (3.162) 



D 



(a) 

Rl/2 



- ^Lko^^^ {Ml+u^)dX + I, 
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for every a > C and every a e [0, --r- ) , where C > 1 depends on A and A 

\ loa / 

only. 

Now we estimate from above the term / (defined in (|3.159|) ) at the right-hand 
side of (|3.162p . Concerning the first integral at the right-hand side of formula 
(|3.159p it is simple to check that 

for every a > 1 , where C is an absolute constant. Concerning the second 
integral at the right-hand side of (|3.159[) we have 



2 

V 

B 



where 



{x,{))e~~dx < I u^{x,Q)dx, (3.164) 

(a) 



r (a) — 4Q;alog 

* 4aa 



By (jXTC^ . (jXTM)) and ([XTM]) we have 



/ a-'^u^e-'^dX (3.165) 



/ /j2 \ 

for every a > C and every a G ( 0, — — ] , where C , C > 1, depends on A and 

\ 16q; / 

A only. 

Let r be a number in the interval (O, e~^/^i?i) and, for every a > C, let a belong 
to I 0,e^^ — - I and such that 

4Q! / 

Rl ^ 



r (a) = 4aalog ] = r . (3.166) 

4aa , 



By asymptotic estimates of a we have 



Furthermore, using standard regularity estimates [lllj we estimate from above 
the first and the second integral at the right-hand side of p. 1651) and we get 

[ _ cr^^u^e^^T^WdX (3.168) 
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for every a > C, where C, C > 1, depends on A and A only. 

/ R 

Now we estimate from below the left-hand side of (|3.168p . Let p G \ ' ~2 
(|3.7ip we have 

r-^it^e^^T^dX (3.169) 



Rl/2 



where C, C > 1, depends on A and A only. By the inequalities obtained in 
and (jXTCg)) we have 

/ w^^X < -^^Stt / n^dX (3.170) 



9 \ 



+C>2"|^^2|^log^^ J u^x,0)dx 

for every a > C, where C, C > 1, depends on A and A only. 
Denote 

? —1 9 —1 

P e _ p^e , _ 
ti = — a,t2 = — (1 + e j-a, 

C\ 1 /2 ^2 
/ u^dX ] u^{x,0)dx 

)r ever; 

inequality p.lTOp gives 



Observing that for every p S ( -^j^, j we have t2 > ti > and Q C Dp°'\ 



a' [ u'dX < ^f^E' + ( ^ ^] , (3.171) 

for every a > C, where C, C > 1, depends on A and A only. 

In order to estimate from below the left-hand side of inequality (|3.17ip we apply 

__ e^^/'^p ie'^p e~^/^p 

Lemma 13.3.11 In doing so we choose po = — -. — , Pi — — 3 — ^ P2 = — — 

4 8 2 

and T = p2- Let us denote 
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We have that there exists a constant Cq, Cq > 1, depending on A and A only 
such that if ^ ^ 

a>ao :^Comax|l,log(^ ^ ^| (3.172) 

then 



u^dX = [ dt [ (x, t) dx > ^ [ {x, 0) dx = -^K^ ■ 

(3.173) 

By inequahty (|3.17ip and (|3.173p we get 

p'K'<^^E'+( ^ ^] e\ (3.174) 

for every a > ao a-nd every r,Ri,p satisfying the relations Ri G (O, i?o] , t & 
(O, e^^/^i?i] , p e [ e^/^r, ^ , where C > 1 depends on A and A only. 



Denote by 

log (E^e-^) 



log(i?2r-2 1og(i?2r-2)) • 

the following cases occur: i) a\ > ao, ii) ai < ao- If case i) occurs then we 
choose in p.l74p a = ai and we have 

Ri 



where 

^ _ log(i?2p-2/C) 



" log(i?2r-2 1og(i?2r-2)) 

where C, C > 1, depends on A and A only. 
Now consider case ii). We have either 



(3.176) 



ri— 4 7712 

ao = Co log ( ' ) > Co , (3.177) 



or 

ao^Co <Colog r ^2 j , (3.178) 

where Cq is the same constant which appears in (|3.172p . Let us introduce the 
notation 

n ^ I f) 1 

° Co log r-2 log (i??r-2)) ' Co log i 
If p.l77p occurs then, recalling that ai < a, we have trivially 



46 



hence 

< £;2(i-eo)£20o ^ (3.179) 
If p.l78p occurs then we have trivially 

^olog(^^) <1, 

hence 

^201 < g^2ei _ (3.180) 

On the other side, by standard regularity estimates for parabolic equations we 
have 



< -^E' , (3.181) 
where Ci depends on A only. Therefore (|3.180p and p.l8ip yield 



i?j i?j Ri 

Now there exists a constant C, C > 1, depending on A and A only such that if 

< then we have < ^'o- Therefore by ((3T75| . (jXTTQl) . ((3T8T|) and 

(|3.182p we get 

^2 < _^^2(l-eo) 290 (3.183) 



for every i?i e (0,i?o], r e (O, e-i/2i?i] , p e ( e^/V, — 



Cei/(2C) 



, where C2, 



C2 > 1, depends on A only. 

In the case 5'-' (0, 0) ^ 5^^ we can consider a linear transformation 5 : K" 
R", 5x = {^jx,}"^^, such that, denoting g^^ {y,t) = p^^^g'^'' (^-^J/,*) Sf 
we have ^^-^ (0, 0) = d'-^ and 

C 5 (Bg) C , for every g>0. 

Therefore, by a change of variables, by using the inequality p.l83p and the 
trivial inequality (log ^ > r"^, for every r e (0, 1) the thesis follows. ■ 

Corollary 3.3.4 (Spacelike strong unique continuation). Letu £ H^'^ {Br x (ip ^ R^,to)) 
satisfy inequality iS.lSl]) . 
If for every k gN we have 



{x, to) dx^O (r2'=) , as r -> 0, (3.184) 

B. 



then 

u(.,to) = , in Br . 
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Proof. Is the same of the proof of Corollary 13.1. TI B 



In order to state the theorem below we need to introduce some new notations. 
Let E and R be positive numbers, to G and let ip : M"^-'^ x R ^ M be a function 
satisfying the conditions 

<^(0,io) = |V,'¥'(0,to)l -0 , (3.185) 

(3.186) 

where Q^' = x {to - R'^,to] . 

For any numbers p G (0, i?], r G (to — R^^to] , denote by 

Ql"v = {{x, s)eBpX (to - /5^ to) : x„ > if (x', s)} , 

Qp.ip (t) ^ {x e Bp : Xn > if {x , t)} , 
Tp^ = {{x,s) eBpX (to - p^to) : a;„ = ip{x',s)} . 

Theorem 3.3.5 (two-sphere one- cylinder inequality at the boundary). 

Let L be a second order parabolic operator as in Theorem \3.3.3[ Let ip : 



iu| < A I ^ + M ) Qr,^ (3.187) 



K" ^ X M ^ R &e a function satisfying \3.185\) and i3.186\) . Assume that 
u G H^'^ {Qr,^p) satisfies the inequality 

lr,7,l <r A ( i 
and 

u {x, t) = 0, for every {x, t) G T*^^ . (3.188) 

Then there exist constants 772 G (0, 1) and C , C > 1, depending on A, A and E 
only such that for every r,p,0<r<p< 772^? we have 



u'^ {x,to)dx { R^'^ I u^dX] (/ u'^{x,to)dx 
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where 



Clog- 



(3.189) 
(3.190) 



For the sake of simplicity, here we give a proof of Theorem 13.3.51 with the 
following additional condition on the matrix {g^^ {x,t)} ^ 

{g'^{x^)-a'^{x,T))'\ < A|i_^| , (3.191) 



for every (x, t) , (a;, r) G M"+^. 
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Actually the additional condition (|3.19ip is really used to prove Theorem 14.0.31 
(the stability result for the inverse problem). An outline of the proof of Theorem 
13.3.51 (without condition (|3.19ip ) is given in 

We need the following proposition proved [142j . 

Proposition 3.3.6 Let Ao and Aq he positive numbers, with Aq G (0,1]. Let 
A{t) be a n X n symmetric real matrix whose entries are Lipschitz continuous 
in K. Assume that 

Ao ICI^ <A{t)^-^<X^^ lei^ , for every ^eW andseR , (3.192) 



< Aq, a.e. in 



Denote by ^ A (t) the positive square root of A {t) . We have 



ds 



< 23/2A- '/'Ao, a.e. 



m . 



(3.193) 



(3.194) 



Proof of Theorem 13.3.51 with condition p.l9ip . Without loss of gen- 
erality we assume that to = 0. Let us introduce the following notations. Let 
tpi : R"^ R"- and $i : ]R"+^ be respectively the maps Vi iv, t) = 

(y', yn + '^ (y', t)) and $i (y, r) = (ipi (y, r) , r). We have $i (y', 0, t) = (y', (y', r) , r), 

for every y' £ R"^^, r G R. Furthermore, denoting i?i = — , by (|3.186p we 

1 + 2E 

have 



$1 {B+x{-RlO])cQ%, 



(3.195) 



Denote 



9i ^ iV: t) 



dipi {y,T) 
dy 



dipi (y, r) 
dy 



(here ^^g^'"^-* is the Jacobian matrix of ■f/'i), 

m {y,T) = u($i (y,T)) 

and 



We have 

(Lu) ($1 (y,T)) = (LiWi)(y,T) + 



(iiMi) (y, r) = diw (g^ ^ (y, r) V^Mi) - ^^-wi- 
/ 9-01 (y,T)\ * / / 9-01 (y,T) 



ay 



V„ui. 



By dSmni), (|XT5D1) . dSHHi), (jXW)) . (jXTnil) and (jHT^ we have that there 
exist Ai £ (0, 1], Ai > 0, Ai depending on A and E only and Ai depending on 
A, A and E only, such that, when (y, r) , {z, s) G R"+^, ^ e R", we have 



Aiici'< E <ArM?i' , 



(3.196) 
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(3.197) 
(3.198) 



\L^u,\ < Ai + ^) , in B+ X {^RlO] . (3.199) 

Furthermore 

ui (y', 0, r) = 0, for every y' e B'j^^, t e {-RI O] . (3.200) 

Now let H (r) and 5* (r) be respectively the positive square root of gi (0, r) and 
the Lipschitz continuous rotation of R" such that S (r) e„ — vers (H (r) e„), for 
every r e M. Denote 

U2 {y, t) = ui [K (r) y, r) , (L2U2) [y, t) = div {g^^ {y, r) V^M2) - 9rU2 • 
We have 

g2^ (0, t) = In , for every t G M , 

(LiMi) (i^ (r) y, r) = (L2U2) {y, r) + {K' (r) y) R-^ (r) V^jW2 . 

By (I3.196p - (|3.200p and by Proposition we have that there exist A2 G (0, 1], 
A2 > and C > 1, A2 depending on A and E only and A2, C depending on A, A 
and E only such that we have, setting R2 = for every (y, r) , {y*,s) G M"+^, 
^ G K", 

n 

A2 lei' < E (y, r) < , (3.201) 




1^2^21 < A2 + ^) ' X (-i?2^ 0] (3.204) 

and 

U2 (y',0,T) = 0, for every y' e B'^^^, t e (-i?^,0] . (3.205) 
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For the sake of brevity we shall omit the sign "~" over y. 

Now we adapt ideas in [1] to the case of time varying coefficients. Let C, 
be a function belonging to (R"~^) and such that supp( C B[, C > and 

/ C (y') dy' = 1. Denote by C(n) the function y}^^C, ( — ) • Denote 
/3(z',t) =-g2-i(z',0,T)e„ , 

Wj (z',Z„,t) = Zj ~ Zn (C(n) * {-^t)) {z' ) , j = 1, ...,n- 1 , 

Wn {z', z„, t) = -z„ (C(„) * /?„ (., r)) [z') . 

With -02 (-jt) : R" we denote the map whose components are defined as 

follows, for each j = 1, n 

(V'2), (z',z„,t) = 



(z', z„, r) , for z„ > 0, 
4wj (z', Zn, r) - 3wj (z', z„, r) , for z„ < 0. 

It turns out that ■02 is a C^'^ function with respect to z and it is a Lipschitz 
continuous function with respect to r e [O, i?!)- Moreover there exist constants 
Ci, C2, C3 e [1, +00) depending on A, A and E only such that, setting pi = 

y02 = we have, for every t S (— -Ri; O] j 

i) V'2 (z, t) e , for every z e , 

ii) i/'2 (z',0,t) = (z',0), for every z' € B'^^, 

iii) 02 (z,t) e S+, for every z & B+^, 

iv) Cg"^ |z - z*| < |-02 (2:, t) - -02 (2:*, t)| < C3 |z - z,|, for every z, z* G Sp^, 



V)2(z.''') 

dzidzj 



v) 

vi) < 



< C3 , for every z £ Bp^ , 

< C3, for every z G Bpj. 



dz 



Let us denote 

U3 (z, t) = W2 (-02 (2:, t) , t) , B (U3) = 



/5?/'2 (2:,t)\ * / /ai/'2 (2,t)\ ^ 



V 9r 



V 9z 



V^U3 



-1( N /902 (z,t)\ ^ ^1 

ff3 (2:,r)=l — I 52 (V'2(z,T),r) 



/ a-02 



V dz 



, J (z,t) 



det 



^02 (z, r) 
9z 



We have, for every re [O, i?2) and z' e , 

J(0,t)53-1(0,t) =/„ , 

33"^ (z', 0, r) = 5f (z', 0, r) = , for 3 = 1. 

Moreover by (|3.20ip - (|3.203|) we have that there exist A3 G (0,1], A3 > de- 
pending on A, A and E only such that for every (z, r) , (z*, s) G 5+ x [O, p^) 
and every ^ G M" we have 

n 

A3 1^1' < E53M^,r)e.e.<A3-M€l' , 
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1/2 

.2 \ . A., /, ,2 , ,\l/2 



Iz — Z.I + It — s 

t3 



E (5?(^,r)-g?(z.,.)) j <|^(|. 

(L2U2) (^-2 (z, t) , r) = (L^uz) (z, r) + B (ug) , (3.206) 

where 

(igMg) (z, r) = —^——div (J (z, r) 33^^ (z, t) V^Ma) - d^u-i . 
By (|3:204|) and ((3:206)) we have 

\div {g^'V.u,) - a.^sl < C + ^) , m B% X [0, pi) , 

where C depends on A, A and E only. 

the symmetric matrix whose entries are given by 

gl^ (z', z„, t) = gg-' (z', |z„| , t) , if either 1 < i, j < n - 1 or i = j = n, 

53^ (z', z„, r) = g^" (z', z„, r) = sgn (z„) g^" (z', |z„| , r) , if 1 < j < n - 1. 

It turns out that ^ satisfies the same eUipticity condition and Lipschitz con- 
dition as 33^^- 
Denoting 

V (z, t) = sgn (z„) U3 (z', |z„| , t) , for every (z, t) G Bp^ x [O, P2) , 
we have that v belongs to iJ^^i {Bp^ x (— P21O)) satisfies the inequahty 

\div (g^'W.us) - drus\ < C + ^) , in Bp, X {~pl O] , 

where C depends on A, A and E only. 

By Theorem l3.3.3l we have there exist constants 7/2 G (0, 1) and C > 1 depending 
on A, A and E only such that for every < r < p < 772P2 we have 

/ ^2 (x, 0) da; < ^ I p2"2 / v'^dx\ ( [ (x, 0) dx\ , 

Jb, P- \ Jb,,x{-pIo) J \Jb, J 

(3.207) 

where 



Clog^ 



Now, denoting by ip^ (z, r) = i/ji (T (r) -02 (z, t) , t), we have for every p e (0, P2) 
and T e (— P2' 0] 

Qc-ip.^ (^) C (V'a (., r)) (i?;) C Qcp.^ (r) , (3.208) 

where C, C > 1, depends on A, A and E only By (|3.207p and (|3.208p . by using 
the change of variables x — 1^3 (z, r), s = t we obtain ()3.189p .B 
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3.4 Smallness propagation estimates 

Let us introduce some notations that we shall use in Proposition 13.4.11 below. 
Let a, S and R be positive numbers such that a < ^ and ^ < 1. Let rji € (0, 1) 
be defined in TheoremEXS Given Xq = (a;o,to) G and C S K", |C| = 1. 

we denote 

C {xo, C, a, R)^ Ix e Br (xo) : ^ ''^ > cos a j , (3.209) 

S {Xo, C, a, S, R) = \^{x, t) e ]R"+i : x e C (xq, C, a,R), - {S {x - xq) ■ Cf < t - h < 0^ 

(3.210) 

ai = arcsin (min {sina, (5 (1 — sin a)}) , 

R , 1 . 

Ml = — ■■ , wi = X0 + /iiC , pi = 7Mi'7i smai , 

1 + sm ai 4 

1 — 4-?7i sinai 

a= f-^i -. (3.211) 

1 + jjyi sinai 

Proposition 3.4.1 (smallness propagation estimate). Let us take posi- 
tive numbers a,"f,6,H and R such that a < ^ , "f < 1 and 6 < 1. Let L be the 
parabolic operator of Theorem ] 3. 3. SX Assume that u, u G Hf^^ (S {Xq, C, a, S, R)), 
satisfies the differential inequality 

\Lu\ < A + \^y^nS {Xo, C, a, S, R) (3.212) 

and 

ll"llL-(5(Xo,C,a,5,fl)) + R'' i-^to)]-,^c{xoX,cM) < ^ . (3.213) 

Then, setting cri = \\u(.,to)\\j-r„( „ \ we have 

\u[xo,to)\<CH log^ , (3.214) 



eH 



where C depend on A, A, a and 7 only and 



^ ^ , (3.215) 

where a is given by 113.211]) and Ci, Ci > 0, depends on X and A only. 

Proof. With no loss of generality we can assume = 0, to = 0, C = e„. 
Denote 

Mfe = a'^'Vi , Wk = Aifee„ , Pk = a'^^Vi i dk = ^^k-pk = a''" Vi (1 - m sin/3) , 
where a is defined by (|3.21ip . 
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It is simple to check that, for every fc > 1, the following inclusions hold true 

Bp,^, {wk+i) C Bsp, {wk) C B^^-i^^ {wk) C C (0, e„, (3, R) , (3.216) 

^4^rV. (-4% Vfc, 0] C 5 (0, e„, a, <5, i?) . (3.217) 

For a number r, r & (0, c?i], to be chosen later, let k be the smallest positive 
integer such that dk <r. We have 

'^°g^-/';^)'<fc^i<i^"g(-/-;^)i+i. (3.218) 

|loga| |loga| 

Denote 

cTj = i u'^{x,0)dx\ ,j = l,2...fc. 

By Theorem [3X3 (|3.216p . (|3.217p and since 

CTj+i < ( / u^(x,0)da;) , j = 1, 2...^ - 1 , 

we obtain 

< Ci/2(i-»-)af *, j = l,2...fc- 1 , (3.219) 
where iS = 5 (0, e„, a, (5, i?). 



C^olog;! 



and C, Co, depend on A and A only. 
By iterating (|3.219p we get 



a| <CT^i7' af * . (3.220) 



Let us recall the following interpolation inequality 



21 + 71 



1/2N 



Ml^(b.^ <C\{ v^dx [vr-'+: + p-" / v'dx 1 , (3.221) 



where C is an absolute constant. 
By (I3.213P and p.22ip we have 



ll-(-'0)IL==(Bp^(.,))^^^^-r" ' (3-222) 
where C depend on A and A only. 

Let us consider the point Xr — rcn- Noticing that x G Bp^ (""^fc); by p.213p and 
p.222p we have 

\U (0, 0)1 < \U {Xr,0) - U (0, 0)1 + \U {Xr,0)\ < ( (^) ^ + (^) ) ' 



54 



where C depend on A and A only. 

From the above obtained inequaUty and by (|3.220[) we get 



\uiO,0)\<CH I ( - 



H 



(3.223) 



where C depend on A, A and a only. 
Let us choose 



r — di 



log e 



27 
2-j + r, 



' 2|1oe8, 



By (|3.218P and p.223p we have 

|u (0,0)1 < CH 
and we obtain(I32Tl| with B - 1'°^°' 



log(^ 



27|ioge.| ■ 



3.5 Stability estimates from Cauchy data 

We are given positive numbers R, T, E, A and A such that A G (0, 1]. Let us 
consider the following parabolic operator 



Lu = di (g'-' {x, t) djUj — dfU + bi {x, t) diU + c{x,t)u , 



(3.224) 



where {g^^ (x, i)|" . is a real symmetric nxn matrix. When ^ e M" ix,t) , (y, r) £ 
assume that 



(3.225) 



and 



1/2 



<^{\x~y\^ + \t-T\ 



1/2 



(3.226) 



Concerning bi (x, t), i — 1, ...n and c (x, t) we assume that 



(3.227) 



Let ip : M" -'^ x M ^ M be a function satisfying the conditions 

(^(0) = |V..^(0)| = , (3.228) 
||(^|lioc(B^) + ^ + II^VIL^(B^) < ^^i? • (3.229) 
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For any positive numbers p and Iq denote by 

Dp,^ ^ {x e Bp : Xn > {x)} , Dl"^ = Dp,^ x (0, to) , 

^p,v ^ {x e Bp : Xn ^ (f {x')} , rl°^ = Tp,^ X (0, to) . 
U X — {x' , (f {x')), we denote by {x), or simply by the unit vector on-i 

(V,'(p(x'),-1) 



iy{x) 



^l + \V,,ip{x')\' 



Theorem 3.5.1 Let L be the parabolic operator \3.224}^ . Let u £ iJ^'^ {^R,v) 
be a solution to the equation 

Lu ^ 0, in . (3.230) 

Let 

£ := ||u||^3 i^j,^^^ . (3.231) 
We have that there exist constants C , rj^ G (0, 1), si G (0, 1) depending on X, A 



and E only such that for every r G I 0, min 



have 



II"IIl^(a,3.,,x(.^,t)) < C [e^^ M\7(niJ+^) ■ (3-232) 
If, in addition, u satisfies 

u(x,0) = , in Dr^^ , (3.233) 
then we have, for every r G (0, i?], 

< C (e- hll^;^;,. J + e) , (3.234) 

where C depends \, A and E only. 

Proof. By using the extension theorem in Sobolev spaces, [113j . there exists 
V G i?^'^ ^^^^ ^^^^ 

V = u , g'^^djWi = g^^djWi , on T]^^^ (3.235) 

and 

||f||ff2,i(z,T J <C£ , (3.236) 

where C depends on E only. Let w — u — v. We have that w G H^'^ (Z?^ ^) 
and w satisfies 

Lw = -Lv, in D]^ ,^ , (3.237) 
w = , g'^djWVi = , on r^_^ . (3.238) 
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Define 

7 = 



and 



w 



~Lv , in , 
, in {Br X {0,T))\Dl^ 



, in {Bnx{0,T))^Dl^. 



Since w — g^^djWVt = , on F^J^, we have w e iJ^^^ (i?^ x (0,r)) and w 
satisfies 

Lw = 7 , in Bi?^ X (0, T) . (3.239) 

Let z G H^'^ {Bji X (0,T)) be the solution to the following initial-boundary 
value problem 

' Lz = l,inBn.iOT) , 

^|9p(Shx(0,T)) = U , 

where dp {Br x (0, T)) = {OBr x (0, T])U{Br x {0}) is the parabolic boundary 
of Br x (0, T). We have by (15^^ and (IXMTll 

ll^ll//2,i(B„x(0,T)) ^ ^\\A\l2{Brx{0,T)) - ^'^ ' (3.241) 

where C and C" depend on A, A and E only. Denote by w\ the function UJ — z, 
by p.239p and (|3.240p we have wi G i/^-^ (Bi^ x (0,T)) and 

Lwi = , in X (0,T) . (3.242) 
Let r be any number belonging to ^0,min \/7| . Let us denote by r\ = 



rminji, -^j, ~ rjiri, ~ ^ , where ?7i is defined as in Theorem 13.3.31 



4 

Notice that, by (|3.228p and p.229p we have 

Br, i-rse,,) C Br \ Dr^^ . (3.243) 



Since Lwi = , in _B,.j (— r3e„) x (0,r), by Theorem 13.3.31 we have, for every 

ll^i(->i)lli^(B.,(-.3e„)) (3-244) 

where C and si, si € (0, 1), depend on A and A only. By integrating both sides 
of last inequality with respect to t over (r^ , T) and by Holder inequality, we get 

^ ^,1 II ||2si II ||2(1 — si) 

SO l|W|lL2(B^^(_,,3e,.)x(r2,T)) li^lllL2(B,,,(-r3e„)x(0,T)) ' 

where C depends on A and A only. 
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By p.236|) . (I3.24ip . the triangle inequality and recalling the definition of w we 
have 

ll^l|lL2(S.,(-r3e„)x(0,T)) ^ I ' "I ' K, J ^ ' ^^'^^^^ 

where C depends on A, A and E only. 

By (I3.243P we have wi = -z in Br-, {-r^en) x (0,r), so using (|3.24ip we 
have 

ll^l|lL^(B,.,(-r3e„)x(r^T)) < ' (3-247) 

where C depends on A, A and E only. 

Since Dzr3,ip C Br^ {—rzen) n Dji_^, using (|3.236p . (|3.24ip and the triangle 
inequality we have 

= \\U-V- z||^2(c3^^_^x(r2,T)) > ll"llL2(D3.3.^x(r^T)) " ' 

therefore 

ll"llL2(l53.3,.x(r^T)) ^ ll"'lllL2(B.,(-r3e„)x(r^T)) + ' (3-248) 

where C depend on A, A and E only. 

By (132151), dnilSl), (jXMTI and (pjiS]) we obtain 

ll"llL^(l?3.3,.x(r^T)) < C [e^' II"IIl^(dS,,) ' 

where C depend on A, A and E only, so (|3.232p is proved. 

To prove (j3.234p we only need some slight variations of the previous proof. 
Indeed, due to (|3.233p we can choose the function v in such a way that, be- 
sides p.246p and (|3.247p . v satisfies v{.,0) = on Dr^^. Therefore Wi e 
(Br X (0, T)) and 

wi(.,0) = 0,inBfl, . 
Now, considering the trivial extension wi of wi to Br x (—00, T) 

^ ^( wi ,mBRxiO,T) , 
\ , in Sfl X (-00, 0) , 

we have that wi € H"^-^ {Br x (—00, T)) and 

Lwi = 0, in Br X (— cx), T) . 

Therefore applying Theorem l3.3.3l to the function wi we have that (|3.244p holds 
true for every t S [0,T]. Hence we can replace interval {r^ with interval 
(0,T) in (|3.245p . Finally by definition of wi we have 




where C depend on A, A and E only, so (|3.234p is proved. ■ 
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4 Stability estimates for Dirichlet inverse prob- 
lem with unknown time- varying boundaries 

In this section {CI will be a family of bounded domains in M", where T is a 

given positive number. We shall suppose that the boundary of ((— oo, +00)) = 

IJ O (t) X {t} is suffieiently smooth, but for every t E W a. part / (t) of dCl (t) 

tes. 

is not known. The inverse problem we are interested in determining I{t), for 
every t G (0,T), by means of thermal measurements on the accessible part 
A{t) := dCl{t) \ I{t). In what follows, for the sake of simplicity, we shall 
assume that A (t) is not time varying, so we set A (t) = A. Given a nontrivial 
function f on Ax (0, T), let us consider the following Cauchy-Dirichlet (direct) 
problem 

div {k {x, t, u) Vm) — dfU = 0, in ((0, T)) , 
u = f, on^x(0,T], 

u = 0, on/((0,T]), ^ > 

w(.,0) = uo, mf7(0) , 

where K{x,t,u) = {k^^ {x,t,u)}^ denotes a known symmetric matrix which 
satisfies a hypothesis of uniform ellipticity and some smothness conditions that 
we shall specify below. 

Assume that fl (0) is known. Given an open portion S of (t) such that 

5 C A, we consider the inverse problems of determinig I (t),t G (0, T], from the 
knowledge of k (x, t, u) Vu • on S x [0, T], where v denotes the exterior unit 
normal to Q {t), for every t G [0,T]. 

i) A priori information on the domains [t). 
Given Rq, M positive numbers, we assume 

\^{t)\< MR^ , for every t € [0, T] , (4.2) 

here and below |rJ (i)| denotes the (n-dimensional) Lebesgue measure of (t). 
For every t G [0, T] we shall distinguish two nonempty parts A (t) = A, I (t) in 
dfl {t) and we assume 

I{t)UA = dn (t) , Int (/ (t)) n Int (A) = , I (t) n A = dA = dl {t) . (4.3) 

Here, interior and boundaries are intented in the relative topology in dil (t). 

Concerning the regularity of 9O([0,T]) we assume that, for a number /3 e 
(0, 1) and a positive number E we have 

on ([0, T]) is a portion of 90 ((-00, +00)) (4.4) 

of class C^'^ with constants Rq, E 

and also 

Ax[0,T], I ([0, T]) are portions of dfl ((-00, +00)) (4.5) 
of class C^'^ with constants Rq, E. 



59 



In addition we assume that there exist open portions S, E within A such that 
E C S and there exists a point Pq G T, such that 

an (t) n Br, (Pq) C E , for every t e [0, T] (4.6) 

and ^ 

E n (/ (f))^" = , for every t e [0, T] , (4.7) 

where (/ {t)f '° ^ {x e OQ {t) : dist (x, / [t)) < i?o}. 

Remark 4.0.2 Let t he any number in [0, T]. Observe that |^.^[ ) automatically 
implies a lower bound on the diameter of every connected component of dfl (t) . 
In addition, by combining i4.S^ with ^.4\ l, an upper bound of the diameter of 
fl (t) . Note also that and ^4-4\ l implicitly comprise an a priori upper bound 

on the number of connected components of dfl {t) . 

a) Assumptions about the initial and boundary data. 

Let Fq be a given positive number and let Fi : [0, T] [0, +oo) be a given 
strictly increasing continuous function on [0, T] such that Fi (0) ~ 0. We assume 
the following conditions on the initial data uq and the Dirichlet data / appearing 
in problem (14. 1|) 

uo G C^''^ {n (0)) , uo = on / (0) , (4.8) 
ll"o|lc2.^(n(o)) ^ -^0, (4.9) 
/eC2^'3(Ax (0,r)), (4.10) 
/(.,0) = iio(.) on A, (4.11) 
suppf (.,t) C E, for every t e [0,r] , (4.12) 
ll/llc2.0(Ax(O,T)) ^ -^0, (4.13) 
\\f{-ML-iA)>Fi{i) , for every < e [0,r]. (4.14) 

Hi) Assumptions on the thermal conductivity n. 

The thermal conductivity k is assumed to be a given function from R" x 
M X R with values n x n matrices satisfying the following conditions. For given 
constants Aq, Aq, Aq G (0, 1], Aq > 0, we have, for every ^ e M" and {x,t,z) G 
K" X M X R, 

Ao|^|'<^^(x,^,z)^e<A-l|C|^ (4.15) 

-Ro II Vaj^ll i^(R„ + 2) + i?o l|t^t'*ll L-^(R"+2) + ||5^'«ILoo(R„+.) < Ao . (4.16) 

In the sequel we shall refer to the set {Aq, Aq, E, M, Fq, (3, RqT^^, Fi (.)} as to 
the a priori data. 
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Theorem 4.0.3 Let {Q.i (i)}tgR, {^^2 (i)}tgR &e two families of domains satis- 
fying 14-^ , 14-4^ - For any i — 1,2 and any t G [0, T] let Ai (t), h it) satisfying 
{4-^ o-i^d be the accessible and inaccessible part ofdfli{t), respectively. 

Assume that for any t G [0, T] Ai (t) — A2 (t) = A and that fli (t) and ^2 (t) lie 
on the same side of A. Let us take T,, S such that S C S C A satisfying |^.7[ ). 
Assume that 

r!i (0) = r!2 (0) . (4.17) 
Let Mo e C^'l^iniiO)) and f e C^'^{Ax {0,T)) satisfy Rj^-gJ^j. Let 



us 

that 1^. and J^. J6p are satisfied and let Ui £ C^'^ (fli ([0,T])) be the 
solution to gip when ft ([0, T]) = ([0, T]), i^l,2. 
If given e > 0, we have 

Ro \\kiWui ■ V - K2VU2 ■ i^|lL2(Ex(o,T)) ^ £ ' (4-18) 
where Hi — n (x, t, Ui (x, t)), i — 1,2, then we have 



sup 

te[T.T] 



dn (f^i (t), ^2 (t)) < RoCi (r) |log£| , (4.19) 



for every r G (0, T] and e e (0, 1), where C'l (t) and C2 (t) are positive constants 
depending on t, Xq, Aq, E, M, Fq, (3, RqT^^ and Fi (.) only. 

Here dn denotes the Hausdorff distance, namely for every t G [0, T] 

d-H i^i it),^2 (t)] = max < sup dist (x,fl2 (t)) , sup dist (x,Qi (t)) > . 

[xeThlt) ^ ^ xeThW) J 

4.1 Proof of Theorem [4X3l 

Here and in the sequel we shall denote, for any t E M., by G {t) the connected 
component of fii (t) D ^2 {t) such that E C G {t). 

From regularity estimates for solutions to the Cauchy-Dirichlet problem for 
parabolic equations |lllj . we have 

\M\c^.Hnd[o,Tm ^ H , (4.20) 

where 77 is a positive constant depending on Ao, Aq, E, M, Fq, (3 and RqT~^ only. 

The proof of Theorem 14.0.31 is obtained from a sequence of propositions. 
In the present section we give the statement of such propositions in the next 
section we shall prove them. 

Proposition 4.1.1 (Stability estimates of continuation from Cauchy 
data). Let the hypotheses of Theorem \4.0.3\ be satisfied. We have 



f ui{x,t)dx<R^H^Lo(^) ,i^l,2,tE[0,T] , 



(4.21) 
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where uj is an increasing continuous function on [0, +00) which satisfies 

w(s) < C(log|logs|)"" , for every s & {0,e~^) (4.22) 
and C depends on Xq, Aq, E, M, Fq, P and RqT^^ only. 

Proposition 4.1.2 (Improved stability estimate of continuation from 
Cauchy data). Let the hypotheses of Proposition ^-. 1 . 1\ satisfied and, in addi- 
tion let us assume that there exist L > and po G (0, Rq] such that, for any 
t g [0,T], dG (t) is of Lipschitz class with constants po,L. Then ^.21\ l holds 
with (jj satisfying 

w(s) < Cllogsf* , for every s £ {0,1) , (4.23) 

where C , C > 1, depends on Xq, Aq, E, M, Fq, P and RqT^^ only. 

Proposition 4.1.3 (Lipschitz stability estimate of continuation from 
the interior). Let {n{t)}^^^ be a family of domains satisfying l{4.2^ l, 114.3^ , 

and (4^. Letuo G C^'/^ {n (0)) satisfy and g^. Let f e C^'^ {A x (0, 
satisfy ll4.11\ l- (4-^4\ l- Assume that l{4.15^ and Il4-l('\ l tf"e satisfied and let u G 
C^'f^ {n{[0,T])) he the solution to g^). 

For every p > 0, every t G [0, T] and every z G (fi {t))2p ^6 have 

{x, t) dx (4.24) 

B-(z) 

where C , C > 1, depends on Xq, Aq, E, M, Fq, P and RqT~^ only. 

In what follows we need this definition. 

Definition 4.1.4 (relative graphs). We shall say that two bounded domains 
r^i and in M" of class C^'^ with constants Ro,E are relative graphs if for 
any P G dU,i there exists a rigid transformation of coordinates under which we 
have P = and there exist ipp,i,fp^2 & C^'^ (^L (0)); where < 1 depends 

Rq 

on E and (3 only, satisfying the following conditions 

(pp.1 (0) = , i^p,2(o)i < ^, 

i^) ll'^P,dlci.f(i3;^(o)) ^ ^-^0; 

lli) n Br,, (0) = {X G Br,, (0) : Xn > fp^r {x')} , i^l,2. 

We shall denote 

7(f7i,rj2)= sup \\ipp,i - (PpM\l'>-(b' (0)) ■ (4-25) 
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Proposition 4.1.5 Let Vli and ^2 be two domains in R" of class C^'^ with 
constants Rq,E and satisfying jfiij < MRq. Assume that D,i and Q2 are rela- 
tive graphs. Then there exists a C^'^ diffeomorphism $ : M" M" such that 
$ (1)2) = ^1 and 

||<i>-M|L..(R„) <C7(r!i,r!2) , (4.26) 
where C depends on E, M and (3 only. 

Proposition 4.1.6 Let {fli (i)}^^^ and {172 (OltGR two families of domains 
satisfying ^.S^ , We have, for every t,T G [0,T], 

dn {^h{t), ^M^y) - dn i^hij). ^M^) | < ' (4-27) 

where C depends on E, M and f3 only. 

Definition 4.1.7 (modified distance). Let ili and fl2 be bounded domains 
in R" . We call modified distance between fli and ^2 the number 



dm (f^i, r22) = max < sup disi (a;, H2) , sup disi (x, ili) > 



(4.28) 



Notice that 

dm{nun2)<dH{n;,ih) , (4.29) 

but, in general, the reverse inequaHty does not hold as the following example 
makes clear: ili ~ Bi (0), ri2 = -Bi (0) \ B1/2 (0). In this case dm {^^^^2) = 0, 

whereas d-j-i {Vli,Q,2) ~ -. However, the following proposition holds true, [3- 

Proposition 4.1.8 Let ili and VI2 be bounded domains in R" of class C^^^ 
with constants Rq, E and satisfying < MRq. There exist numbers do, 

po G (0, Rq] such that and depend on [3 and E only, such that if we have 

Rq Rq 

dn{Th,Th) <do, (4.30) 

then the following facts hold true 

i) fli and ^2 are relative graphs and 

"fini,n2)<cdH{Th,Th) , (4.31) 

where C depends [3 and E only, 

ii) there exists an absolute positive constant c such that 

dn (f^T, f^) < cdm {^1,^2) , (4.32) 

Hi) any connected component of f2i H 0.2 has boundary of Lipschitz class with 
constants pq, L, where po is as above and L > depends on E only. 
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Proof of Theorem 14.0.31 For the sake of simplicity we denote, for any 



t G [0, T], d it) ^ dn[^i (t), ^2 (t) ) and rf„ (i) = d,„ {fli (t) , (0)- We will 
prove that denoting 



cr = i?g " max < sup / 
[te[o,T] Jui 



Ui{x,t)dx, sup / U2{x,t)dx 
(t)\G(t) te[o,T] Jn2(t)\G(t) 



we have 



and 



where 



(4.33) 

6 W = exp I -e-T^ (4 

and C is a constant depending on Aq, Aq, E, M, Fq, /3 and RqT^^ only. 

First we prove (|4.34p . Let t £ [0, T] be fixed. Let us assume, without loss 
of generality, that there exists xq e Ii (t) C dili (t) such that dist {xq, ^2 (t)) = 
dm (t) ■ By (|4.33p we have 

uj {x, t) dx < R^a . (4.37) 

Oi(t)nBd^(t)(xo) 

Let T]2 e (0,1) be defined in Theorem 13.3. 3[ 772 depends on Aq, Aq, i?, M, i^o, /? 
and RqT^^ only. Let us denote R{t) = min {i^/^, i?o}- We distinguish two 

cases. If d„, (t) > ^H^, let d{t) = ^(i) ^ _ ^d{t) VT+E^, 

where v denotes the outer unit normal to fli (t) at xq. We have 



ix{t)) C ni (t) n (xo) , dist [^B2(^^^ {x{t)),dni (t)j >d{t). 

(4.38) 

By Proposition gXni and ((i?^ we obtain 

a > / uj {x, t) dx > (t) , (4.39) 

— 2 — 

where b{t) is defined by (|4.36p and C, C > 1, depends on Xq, Aq, E, M, Fq, f3 
and RqT^^ only. Since it is evident that dm {t) < CRq, where C depends on 
E and M only, by (|4.39p we have 
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where C, C > 1, depends on Aq, Aq, E, M, Fq, (3 and R^T ^ only. 

Otherwise, if dm (t) < ^ \ let us apply Theorem 13.3.51 with r = d„i (t), 

p = ^^^^^\ R = R{t) and by (jilST]) we have 

1 

/ ul {x,t)dx < CH^R- it) y ^'-^ , (4.41) 

2 

and C, C > 1, depends on Aq, Aq, i?, A/, Fq, (3 and i?o^~^ only. 

By (|4.4ip and Proposition 14 . 1 . 31 taking into account that a < AIH^, we have 

^,.m<MRm[j§^)^ , (4,42) 

where C, C > 1, depends on Aq, Ao,E, M, Fq, (3 and R^T^^ only By ((1:1(1)1 and 
(|4.42p we have that dm (t) satisfies (|4.34p . 

Now we prove (|4.35p . Without loss of generality, we may assume that 

there exists yo G ^i{t) such that dist (^yQ,fl2 (tfj = d{t). Denoting 5 (t) = 

dist (yo, dill (t)), let us distinguish the following three cases: 

i) d{t) < \d{t), 

ii) \d{t) <5{t)<\do, 

iii) 5 (t) > max { ^c? (i) , ido } , 

where do is the number introduced in Proposition 14. 1.81 

If case i) occurs, let zq € dfli (t) be such that |yo ^ zo\ — 6 (t). We have 

dm (t) > dist (zo,172 (t)) > dist (yo,fMO) - Ivo - zo\ = d (t) - <5 (i) > 5 (i) , 

hence S (t) < dm (t) and d{t) — 5 [t) < dm (t)- Therefore d (t) < 2dm (t) and by 
([4:341 we have ^M). 

If case ii) occurs then d (t) < do and Proposition 14.1.81 applies, hence by 
(|4.32p we have that d{t) < cdm {t), where c is an absolute constant, therefore 
d{t) satisfies (|435)) . 

If case iii) occurs, let us denote Ri{t) — min | , i? (t) | and di (t) = 

min 1^^, ^^^^^^-^|, where 771 e (0, 1) has been introduced in Theorem 13 . 3.31 and 

depends on Ao, Ao, i?, M, Fo, /3 and RqT~^ only. 
We have 

Srf4(t)(yo)cr!i(0\fMi) (4.43) 

and 

Br.h) (yo) x{t-Rl it) , t] C Oi ((0, t]) . (4.44) 

Now let us apply Therem [333] with r ^ di{t), p = riiR{t), R = Ri {t). By 
([OT)) . ([i:i51) and ([i:ii)) we have 



I 



t) dx < CH^Wl {t) ^„ g2 J ^ ' (4-45) 



65 



where C, C > 1, depends on Aq, K,^,E, M, i^o, P and RlT'^ only. By ((i^ and 
Proposition 14. 1 . 3l we have (|4.35p . 

Let us introduce some notation. Let Tq = nhn|_RQ,T}, 



^ (A^) = exp [.-^'^ log + log (^^1^^ + 2 ) ) , M e (0, 1] 



and let — inf ip, notice 'So > 1- 
(04] 

By (|4.35p and Proposition 14. L6l we have 



^ sup^ d it) < Ro (^e(^(^))^' imp) ^'^^"^ ' +^') ' every G (0, 1] , 

(4.46) 

where Ci, Ci > 1, depends on Xq, Aq, E, M, Fq, /3 and RqT^^ only. 
Now, if |log ( jg^) I > (2*0)*^', then we choose 

. = 7.M:=(,r.(|,o,(-^)|))- 

at the right-hand side of (14. 46^ (here -0"^ is the inverse of function Otherwise 
the left-hand side of (|4.46|) can be easily estimated from above as follows 

sup dn(ThJt),Th{t)) < sup (diam(17i(t)) + diam(r!2(t))) < C2e(2*o)^^-^ 
te[0,T] ^ ' ie[0,T] jW-n 

(here diam(r2i (i)) denotes the diameter of (t), i — 1, 2) where Ci depends on 
Ao, Ao,i^, M, i^o,/9 and R^T'^ only. Therefore, denoting 

and 

0(.s) - I /^(«) + exp(-mo|log(^)|'/^) , if se (0,a), ^^^^^ 
I 6*20^-^5 , if s e [a, +00) , 



(notice that mo > 0) we have 



sup 

te[o,T] 



dn (l7i(i),r!2(i)) <Ro(b{a) . (4.48) 



By (|4.48p and Proposition 14. 1 . II we have, for every e e (O, He ^) 



te[o,T] 
Now, let us define 



sup dn (t), r!2 (t) < i?o0 — log log T7 • (4.49) 



e 



-l/r 



eo = sup |t e (0, e ^) : (j) (log |log 



H 



Rq 
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By Proposition 14. 1 . 81 we have that, ii e G (0,eo^^]) there exist po G (0,i?o] and 
L > 0, and L depending on E only, such that dG (t) is of Lipschitz class of 
constants po, L. Therefore by Proposition 14. 1 . 2l and (|4.35p we have 



'^^^^ - 6(i)min{i("+i)/2,i?^+i} 



where C, C > 1, depends on Aq, Aq, E, M, Fq, /3 and R^T ^ only. 
Otherwise, if e > eoiJ, we have trivially 

where C" depends on E and M only, and (|4.19p follows. ■ 

4.2 Proofs of Propositions liXTl [4X2l [4X3l [4X5l 14X61 
Proof of Proposition 14.1.11 Let us introduce the following notation 

u = U1-U2 , in G((0,T)) , 

b {x, t) = —duK (a;, t, ui (x, t)) Vm2 (x, i) , in G ((0, T)) , 

c(a;,t) = — / d'^K {x,t,ui {x,t) + Tu {x,t))\/u2 {x,t) ■ \/u2 {x,t) dr 
Jo 

1 

tr {x, t, ui {x, t) + Tu {x, t)) D^U2 {x, t)) dr , in G ((0, T)) . 



Denoting ni {x,t) — K{x,t,ui (a;,t)), we have that the function u satisfies the 
equation 

div (ki (a;, t) Vu) - dtu + b {x, t) ■ \/u + c{x,t) u ^ , in G ((0, T)) (4.50) 
and the following Cauchy conditions 

u = , on S X (0,T), (4.51) 

ll^iVu • J^||i2(sx(o,T)) < ■ (4-52) 

Moreover 

u(.,0) = , on G(0) . (4.53) 
Now, let us recall the interpolation inequality 

ll5llffii(Sx(0,T)) - '^ll5ll^(Sx(0,T)) ll.9llc'^'J(Ex(0,T)) ' (4-54) 

where /i = and G depends on E and RqT^^ only. 
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By (lOni), and we have 

|kiVu-i/|| 11, , ,<Ce^ffi-'', (4.55) 

" ^ (Sx(0,T)) — ' ^ ' 

where C depends on Aq, Aq, i?, M, Fq, (3 and RqT^^ only. 

In order to apply Theorem 13.5.11 notice that by ()4.20p we have 

^0 II^IIl==(G((0,T))) + -^0 lkllLoc(c((o^T))) - , 

where C depends on Aq, Ao, E, M, Fq, (3 and RqT^^ only. 

Let us denote Ri = i+Jl%i/2 , A = - z/ (l + S^ji/z ^j^^^^ ^ 

(0, 1), defined in Theorem l3.5.H depends on Ao, Aq, E, AI, Fq, (3 and RqT^^ only. 
Notice {Br„ (Po) X (0,T)) n G((0,T)) C Br, (Pi) x (0,T). By ([S^Hl, 62Q1), 
(|4.50p . ()4.5ip (|4.55|) and the local boundedness estimate, we have 



u 



i~(SRi/2(Pi)x(0,T)) 



< Ce''''H^^^''' , (4.56) 



where si E (0,1), defined in Theorem l3.5.11 and C depends on Aq, Aq, i?, M, Fa,P 
and R^T-^ only. 

Let T e (0,T], let G (O, ^] and denote by 



Ko ('t) = {a; e {r) ■■ dist (^x, = dist (x, (t)) = roj , 



1,2. 



Notice that E^^^ (t) = S^^^ (t) and that (r) does not really depend on t. 
Let Vro (t) be the connected component of {fli (t))^^ H {fl2 {'''))ro '^hose closure 
contains (t), we have (Pi) C Vrg (r). Now it is easy to check that if 
To e (0,ro], where Tq = min then for every x e K(, (t) we have 



Bro/2 {x) X (^T~ ) , 



Cl}i((-oo,r])nr!2((-(X3,r]) . (4.57) 



Let ro G (0,7-o] and let x £ Vro {t) t>e such that |u(a::,T)| — max |u (., r)|. 

Denote by po — ^J'o, where rji E (0, 1) is defined in Theorem l3.3.3l and depends 
on Ao, Ao, E, M, Pq, P and RqT~^ only. Let 7 be an arc in Vrg (r) joining x to 
Pi. Let us define Xi, i — 1, m as follows: xi = Pi, xt+i — 7 (t^), where U = 
max{t : I7 (t) — Xi\ — 2po} if \xi ~x\> 2po, otherwise let i = m and stop the 
process. By construction the balls Bp^ (x^) are pairwise disjoint, \xi^i — Xi\ = 

2po, for i =^ l,...,r7i— 1, \xm — x\< 2po. Hence we have m < Co (^^^ i where 

Co depends on Xq, Aq, E, M, Fq, (3 and RqT~^ only. By an iterated application 
of the two-sphere one-cylinder inequality (|3.152p to the trivial extension m of u 
(i.e. u {.,t) = a t < 0) with R ^ p ~ 3po, r = po, over the chain of balls 
Bp„ {xi), and by (g^Ol), (li3S)) and (|i37)) . we have 



Po" / u^{x,T)dx\ <Ce'''''^ H^^"'''^ , (4.58) 
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where si, S2 & (0, 1) and C depend on Ao, Aq, E, M, Fq, f] and RqT ^ only. 
Let us recall the following interpolation inequality 



<^{ML^iB,)+P\\^^\\L^iB,))"^[P~" f . (4-59) 



where c is an absolute constant. 

By g^ni), ^Ml, and (^351) we have 

< C/-"i7i--^^ , (4.60) 

where si = and C depend on Aq, Aq, E, M, Fq, /3 and R^T-^ only. 
By (|4?60)) we obtain 

ll^(-^)llL~(y,„(.)) < , for every r e [0,T] , (4.61) 

where si, S2 and C are the same of (|4.60p . 
We have, for every re [0, T], 

r!i (r) \ G (r) C ((l^i (r) \ (17i (r)),J \ G (r)) U (r) , 

where 

u;r„ (r) = {t)1^^ \ (r) 

and we denote by Fi^ro {t) and r2,ro (''') subsets of 9 (fii (t))^^ and9(ri2 (■''))ro'^ 
cJV^o (r) respectively such that we have 

d {{n, (r)),„ \ Vr, (r)) = ri,,„ (r) u r2^.„ (r) . 

We prove (|4.2ip when i = I, the case i — 2 being analogous. 
We have, for every re [0, T], 

[ ul{x,T)dx (4.62) 

Jni(T)\G(r) 



< / Ui{x,T)dx+ / (a;, r) 

J(j7i(r)^a2i(r))^J^G(r) "'c^ro (r) 



By (|4?20)) we have 



/ uj {x, r) da; < CH^R^-^ro , (4.63) 

J(Ol(T)-.(i1l(T))^„)-xG(T) 



'(Oi(r)-.(i1i(r))^J-xG(r) 

where G depends on E and Af only. 
By the divergence theorem we have 



0=/ {div{Ki{x,t)Vui) - dtui)uidxdt (4.64) 
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dt / {ki {x,t)Vui ■ v) uids — / Ki {x,t)Vui ■ Vuidxdt 

- I uI{x,t) dx - ^ I u\{N ■ Cn+i) dS 



(r) ^ ■/(ac^,„)((0,r)) 



where, as usual, {dujra) ((0, r)) = IJ doJro (t) x {0' the exterior unit nor- 

te(o,T) 

mal to uJrg ((0, r)), ds and dS are the (n — l)-dimensional and the n-dimensional 

surface element respectively. 

Therefore 

ul{x,T)dx (4.65) 
< [ dt [ {Ki{x,t)Vui-v)uids + ]- I ul {N ■ en+i) dS. 

Jo Jdu^git) ^ J{du^g)({0,T)) 

By (|4?65l) and (|4?20|) we have 

ul{x,T)dx<-— dt \ui{x,t)\ds (4.66) 



dt / |ui (a;, i) I ds + / / |ui(a;,t)|ds 



_ CH 

Rq \Jq Jri,^g{t) Jo JT2,ro{t) 

where C depends on Ag and E only. 

Now, let us notice that, if t e [0,r] and tq G (0,ro] then disi (^x, > 
for every a; G Ti (t). Therefore if i g [0,t] and x € Fi ,-0 (i) then there exists 
y S it) \ S such that \y — x\ ~ dist {x, dil,i (t)) = tq. Since suppf (., t) C T, 
we have ui {y, t) = 0, hence by (|4.20p we get, for every x G Ti^m (t), t & [0; 

|Mi(x,t)| = |Mi(a;,i)-ui(z/,i)| < ||Vui||^^(f,^(,))|x-y| . (4.67) 

Analogously, if t G [0, t] and a; G r2,ro (t) then there exists y G 5172 (i) \ S such 
that - a:| = dist {x, 8^2 (t)) = vq. Since U2 {y, t) = 0, by ((i:^ and (|i3T|) we 
obtain, for every x G r2,ro (i), ^ G [0?''']; 

K(x,i)|<i7^ + |«(x,t)|<Ci7(^-g|- + (|:)'''") , (4.68) 

where C depend on Aq, Aq, M, Fq, P and RqT^^ only and Ji, S2 are the same 
of (liTHTjl . 

By dug), gl21), gUl), (|i:g7)) and (jiTM)) we have, for every r G [0, T] and 
r-Q G (0,ro], 
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where C depend on Aq, Aq, E, M, Fq, (3 and RqT ^ only. 
Denote 

£i = min l^e""'^, cxp exp ^2Co |log'52 
If e < £i then we choose 



2Co|logS2| 



log I log e] 

at the right-hand side of (|4.69p and we have 



l/n 



ui {x, t) dx < CR^H' log 



Oi(r)-^G(r) 



where C depends on Aq, Aq, E, M, Fq, /3 and RqT ^ only. 
Otherwise, if e > £i then we have trivially 



/ 



ui (x,t) dx < MR^H^ < 



2 MR'^H^ ( ^y^ 



i(r)^G(T) 

By ((iJOl and (|4JT|) we have (g^. 



£i 



H 



(4.70) 



(4.71) 



Proof of Proposition 14. 1.2i Let us prove (|42T|) and ((4231) when i = 1, 
the case i = 2 being analogous. By the divergence theorem we have, for every 
re[0,T] 

ul{x,T)dx (4.72) 



ni(r)xG(r) 



< / dt 



ld{ni{t)^G{t)) 

Since, for every t e [0,T], 



{Ki{x,t)Vui ■ i')uids+- / (A^ • e„+i) dS* 

2 J(a(aivG))((o,T)) 



a (f7i (t) \ G (t)) c (af^i (t) \ s) U ((9f^2 (i) \ s) n 9G (t)) 

and since Ui (., t) = on dfl^ {t) \ S, , for every t e [0, T] and i = 1, 2, by 1420)) 
and (|4.72p we have, for every re [0, T] , 



/ ul (x, 

Jni(r)xG(r) 



r)dx < CHR'f^-^T\\u\\^^ 



((aG)([0,r])) 



(4.73) 



where u = ui — U2 and C depends on Aq and E only. 

Now it is simple to check that for any r G (0, i?o], any G [0,t] and any 
X e 5G (io) such that dist (a;, (to)) > r we have 



dist (x, d^li {t))> - , for every i e to 



2E+1' 



i = 1,2, 
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hence, since we have dG [t) C d^i (t) U d^l2 {t), we obtain 

r ( 

dist{x,dG{t)) > - , for every t £ ( to - 2E + I ''''" 



z = 1,2, 



therefore 

Wr (x, to) := Br (x) X (^to - 2^fJ,to C G ((-ex., to]) ■ (4.74) 

Let to G [0, t] and z S 9G (to) be fixed. Since dG (to) is of Lipschitz class with 
constants po, L there exists C S JR", ICI = 1j such that C (z, C, a, ^^) C G'(to), 
where a =arctani (recall that C (z, C, a, R) is defined by (|3.209p ). Let us denote 
^ = i+s°na e (0,71), = 2 + fi^ We havc 

dist (z^. 9G (to)) > /i sin a , for any /X G (0,71) , (4.75) 

Now, denoting with S = J^e+i ' P = MCOS |, by (|4.74p and (|4.75p we have 

5((z,to),C,|j,p) C y W^si„a(^;.,to) C G((-oo,to]) (4.76) 

(recall that S ((z, to) , C, f J, p) is defined by p.210p ). 

Let us denote by u the trivial extension of u (i.e. u(.,t) = if t < 0), by 
([Og)) we have 

ML^{s{iz,to),CfAp)) [^(•'*o)]^,c(.,c,a.7-) =^ ^ • (4-77) 

Denote by 

tti = arcsin ^min |sin — , (5 ^1 — sin — ^ |^ , 

Hi = — — ; , wi = z + ^iC , Pi = TMim smai , 

1 + smai 4 

where 771 € (0, 1) is defined in Theorem l3.3.3l and depends on Ao, Ao, E, M, Fq, (3 
and i?§r-i only. 
We have 

dist (wi, dG (to)) > min {po — \wi — z\ , |wi — z| sin a} = po?? > (4.78) 

where 

_ . f cos f 1 sin a cos f 

?7 = mm < 1 7^ ; , ; 7^ 

[ 1 + sin a 1 + sin ai 1 + sin ai 1 + sin a 

Now(G (to)) ppij is connected and, by (|4.78p G (G (to))po^ . Therefore arguing 
as in the proof of Proposition 14 . 1 . Il we get, by iterated application of the two- 
sphere one-cylinder inequality and by (|4.56p . 



xV2 

pr" / u'^{x,to)dx\ <Ce'"H^-'' , (4.79) 
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where S3, S3 G (0, 1), and C depends on Ao, Aq, E, M, Fq, f3 and RqT ^ only. 
By gJZl), (|479l) and ((33T4)) we obtain 



-1 

(z,to)| <Ci7|log(-|:)| , (4.80) 



where C, C > 1, depends on Aq, Aq, E, AI, Fq, (3 and RqT ^ only. 
Finally ({473)) and fiTHOl) give g^.B 

Proof of Proposition 14.1.31 Let t e (0,T] and P £ (t). There exists 
a rigid tranformation of space coordinates under which we have (P, r) = (0, r) 
and 

r! ((-00, +00)) n {Br, (0) X (r - RIt + i?2)) 
= {(2;,i) e (0) X (T-i?2^r + i?2) : a:„ ><y9(a:',t)} , 
where e C^,,? (^^^ (0) x (r - flg, r + i?^)) satisfying (0, r) = and ||(^||^,_^ ^^^^^^^^ < 
£'i?o. 

Let us introduce the following notations 



"°^ 64V2 + £;^ '^°^^"T' 
r={(x',<^(x',r)):a;'ei?^„ (0)} 



We have 

S2po(yo)c(f^(T))^^ . (4.81) 

For z e (fi (t))2^ denote 



^ 1/2 

^-n / „,2 , 



eo = p"" / (a;, r) da; (4.82) 

and let pi = minjp, po}. 

Let y e -B2P0 (yo) and let 7 be an arc in (f7 (t))^^ joining z to y. Since 

dist (7, 9f2 (r)) > pi, denoting ctq (t) = nrin ^\/t^ V2g+4 } ' have 

(x) C (r - ^2 (r) , r] C r! ((0, r]) , for every x G 7- (4.83) 

Let us denote cti (r) = ?/i "^"g^"* , where 771 e (0, 1) is defined in Theorem 13.3.31 
and depends on Aq, Aq, -E, M, Fq, (3 and RqT^^ only. Arguing as in Proposition 
14.1.11 we define 2;^ g 7, i = l,...,m, such that xi = z, jxi+i — = 2cri (r), 

i = 1,...,TO, l^m-yl < 2(71 (r). Hence m < m{T) coAf ( 2crf(r) ) ' where 
Co depends on n only. By an iterated application of inequality (j3.152p with 
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r = ai (t) , p — 3(Ti (r), R — ^ctq (t) over the chain of balls B^^f^^.-^ (xi) and by 
gJO]), (|4T82)) and (|4T8^ we obtain 

( a^" (r) /" u2 ^) j < Ceo"*^'i/i-''"''' , (4.84) 

where S2, S2 G (0, 1), and C, C > 1, depend on Xq, Aq, E, M, Fq, f3 and RqT^^ 
only. By the interpolation inequality (|4.59p and by (|4.84p we get 

II"(-'^)IIl=»K,„(,))<^^i^o^''^'""*^^ > (4-85) 

where ^ (r) = and C'l, Ci > 1, depends on Xq, Aq, E, M, Fq, P and 

i?^r-i only Hence 

li"(->-)llL=»(B.,„M<^i4'^^^^'""*^^- (4-86) 

Now, in order to apply Proposition 13. 4.1] let us introduce the following no- 
tation 

a = arcsm , , Or = , -Ki = — cos a. 

16V2 + E-^ Ro 4 

It is simple to check that 

S ((0, r) , e„, a, S^^R,) C n ((0, r]) (4.87) 



and 

where 



Bp, (wi) cC(0,e„,a,i?i) , (4.88) 
Ri 



Wi 



1 + sinai (t) " 
1 i?i sinai (r) 



4 1 + sniai (t) 

«! (r) = arcsin (min {sin a, (5t- (1 — sin a)}) . 

(recall that C (0, e„, a, i?i) and S ((0, t) , e„, a, 5r,Ri) are defined by (|3.209p and 
p.210p respectively). 

By (I32T1D, Km . Km . (ji:57)l and (li:5511 we have, when Ci (f j^^^-* < 1, 

1^^ (0, r)| < C2 ill (r))-^(^' i7 |log (^) ["'^^'^ , (4.89) 

where 

1 1 - i7?isinai (r) 

log T— ^ — ' (4-90) 



L'2 



1 + i??! sinai (r) 
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and C2, C2 > 1, depends on Xq, Aq, E, M, Fq, f3 and RqT ^ only. Otherwise, if 
Ci (f)''^''' > 1 then we have trivially 

\u{0,T)\<H<CiH{^y^^'' , (4.91) 
By dMHl) and (lilM]) we have 

IM...)IL.,«,,<ftH(M)^"|i„g(i|)|-«" . ,«2) 



By (|iTl)) and we get 



^^r (r) < He """i^-^'^^--} |log (^) | ^ , (4.93) 
C. C > 1, depends on Ao, Aq, E, M, Fq, (3 and R^T-^ only. By (|493ll we obtain 

Proof of Proposition [471 . 5i The proof of such a Proposition is the same, 
with obvious changes, of Corollary 2.3 in [5]. 

Proof of Proposition l4. 1 .61 Let t,T e [0, T] satisfy \t - t\ < R^ min { l}. 
By (|4.4p we have that fii (t) and ili (t), ^2 (t) and (t) are relative graphs 
and 

j(n,{t),n,{T))<E^-^-^ ,1 = 1,2 (4.94) 
Uq 

(recah that 7 (., .) is defined by (|1?2B)- 

By Proposition 14. 1 . 5l and (|4.94|) there exists a C^'^ diffeomorphisms $i : M" ^ 
K" such that $j (f^, (t)) = (t), i = 1, 2, and 

||$.-/d||^^(K„) , <Ci?^^,* = l,2, (4.95) 

where C depends on E, M and (3 and only. 
Now let x G fli (t) be such that 

dist (x,Q2 (t)) = sup disi (z, (t)) . 

2;eOi(t) 

By the triangular inequality and by ()4.95|) we have 

dist {x, n2 (r)) < dist ($1 (x) , 0.2 (r)) + |$i (x) - x| 

\t - tI 

< sup dist{x,Vl2 {t)) + CE ^ ' , 
xeni(T) ^0 
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where C depends on E, M and (3 and only. Hence 

\t - t\ 

sup dist{x,n2{T)) < sup dist{x,VL2 {t))+CE ^ ' , (4.96) 
where C is the same of above. 

Now we will prove that there exists a constant C depending on E, M and (3 and 
only such that 

\t - tI 

sup dist{x,fl2{t)) < sup dist{x,n2{T)) + CE ' ' . (4.97) 

xeni{t) xeOi(t) Ro 

Let X € fli (t), we distinguish two cases 

a) x(^n2 (r), 

b) a; G ^2 (t). 

If case a) occurs then there exists z e dfl2 (t) such that 

dist{x,n2{T)) dist{x,dn2{T)) ^ \x - z\ . (4.98) 

Up to a rigid transformation of the space coordinates we have z — (z' , ip (z' , t)) , 
where ^ e C^'^ (0) x (r - r + and ll^lle.,„(B^^,(o)x(.-;^.g..+Hg)) ^ 
£'i?o- Therefore, for any t e (r — i?o, t + Rq) we have 

It - rl 

Ix- z| > Ix- (z',(p(z',i))| - |v5(/,t)-^(z',T)| > dist{x,n2it)) ~ E' 



Rq 



hence by (I4.98P we get 



dist (x, ^2 {t)) < dist (x, (r)) + 



Rq 

If case b) occurs, by (|4.95p we have 

dist {x,n2 (t)) < \x-<i>2Hx)\ < CE^——^ 

Rq 

where C depends on E, M and (3 and only. 
Therefore, for any a; G Jli (t), we have 

\t - rl 

dist (x, (0) < d«st {x, ^2 (t)) + CS- 



where C depends on E, M and /3 and only and (|4.97p follows. 
Now by flTM)) and we have 

\t - rl 

sup dist{x,^2{t)) < sup dist(x,ri2 (r)) + — ^ , (4.99) 
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where C depends on E, M and (3 and only. Analogously we have 

\t - t\ 

sup dist{x,Q.i{t)) < sup dist{x,ni (r)) + C£^ , (4.100) 

where C is the same of (|4.99l) . 
By ((TM)) and (|4.100p we obtain 

where C is the same of and follows. ■ 

4.3 Some extensions of Theorem 14.0.31 

The extensions of Theorem 14.0.31 that we give in the present section can be 
proved with slight changes. We shall give short outline of the proofs. 

Variant I. Assume that {n,{t)}^^j^, {^i (*)}t6[o,T] ' (0}te[o,T] ' « = 1,2 
satisfy the same hypotheses of Theorem I4.0.3[ (in particular Ai (<) = A, t G 
[0, T], i = 1, 2) but instead of Qi (0) = ^2 (0) assume that dA n dl, (t) = for 
t e [0,T], i^l,2 and 

dn (fMO),^MO)) < Ro£ ■ (4.101) 
Let / G C^'^* {A X [0, T]) satisfy (jil^ and for any t £ [0, T] 

1/2 

(^^l/(^,t)-/A(i)|'rfs^ >i^i(i), (4.102) 

where (t) = / (x, i) ds and Fi is a strictly increasing continuous func- 

tion on [0, r] such that Fi (0) = 0. Let ci, C2 be two numbers satisfying the 
conditions 

\c,\ < Fo , i = 1,2. (4.103) 

Let uo e C^^^ (R") satisfy 

\\uo\\c2.P(M'^)<Fo ,uo{.,0) = c^,onh{0) , i ^ 1,2. (4.104) 
Let e C^^^ (f7, ([0, T])) be the solution to 



div {K,{x,t,Ui)Vui) - dtUi = Q, in f7i ((0, T)) , 
li, = /, onAx(0,T], 
Ui^Ci, on/j((0,T]), 
Ui (.,0) = uq, in (0) , 



(4.105) 



If we have 

Rq ll^lVui • V - K2VM2 • i^llL2(Sx(0.T)) - ^ ' (4.106) 
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where k,; = k {x,t,Ui (x,t)), i = 1,2, then we have, for every r S (0, T] and 

£6 (0,1), 

sup dn(ThF).'^W)) <RoCiiT)\\ogs\-^ , (4.107) 

te[r,T] ^ ^ 

where Ci (r) and C2 (r) are positive constants depending on r, Aq, Aq, E, M, Fq, (3, RqT 
and Fi {.) only. 

Proof of Variant I. If e < where do is defined in Proposition 14. 1 .81 
then we have easily from ([43T|) . (|4.10ip and ()4.104p 

|ci-c2|<Foe. (4.108) 

By (I4J3)) . (|4.103P and (|4.104p we have that (1420)1 holds true. Now, arguing 
as in the proof of Proposition 14.1.11 and taking into account (|4.108p we have, 
instead of (|4?2T|) . 

/ (u, {x, t) - af dx < R^H'^u {^) , i = 1, 2, t e [0, T] , (4.109) 

Jn,{t)^G(t) 

where oj is an increasing continuous function on [0, +cxd) which satisfies (I4.22p . 
Analogously, arguing as in the proof of Proposition l4.1.2] we have that, if dG [t) 
is of Lipschitz class with constants po, L then (|4.109p holds true with lo satisfying 
(|4.23p . Concerning Proposition 14. 1 . 3] it is enough to observe that the functions 
Vi := Ui — a are solutions to the equation 

div {k {x, t, Vi + q) Vvi) - dtVt = 0, in Qi ((0, T)) , i = 1, 2, 

so we have that (|4.24p holds true replacing there u by Ui — Ci and SI [t) by fi^ (t) , 
« = 1,2, i S [0,T]. With the changes indicated above and proceeding as in the 
prof of Theorem [Oil (|4.107p follows. ■ 

Variant II. Assume that {Q., (t)}^^^, {Ai (i)}tg[o,T]> i^i (*)}te[o,T]' « = 1,2 
satisfy the same hypotheses of Variant I except for assumption (|4.10ip . Let 
/ G C^'P {A X [0,r]) satisfy / e C^^^ {A x [0,r]) satisfy (itl^ . (liT^ . (liHl) 
and /(.,0) = on dA. Let u, e C^'/^ [n, ([0,T])) be the solution to and 
assume that uq = 0. If (|4.106p is satisfied then we have for any r G (0, T] and 

£ G (0, 1) 

sup (f^i (0>f^2(i)) <i?oe(^) |log£r<^+(^iM/")-'-' , (4.110) 

te[r,T] ^ ^ 

where C is a positive constant depending on t, Aq, Ag, i?, M, i^oj ^o"^^^ and 
Fi (.) only. 

Proof of Variant II. Propositions 14. 1 .T] and l4?L2l continue to hold in this 
case. Concerning Proposition 14.1.31 it is simple to improve inequality (I4.24p 
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using in its proof instead of u the trivial extension u. Thus, setting pi 
min{p, po}, o"! = 6V2g+4 have, instead of (|4.86p the inequahty 



(4.111) 



Ra 



2(Ti 



where p, — ;7^S2", — '^0-^^(257) ^'^^ ^2, S2 G (0,1), Ci depend on 



we have 



Ao, Ao, E, Af, Fo, /3 and i?gT-i only. 

In order to apply Proposition l3.4.1] to u observe that, with the same notation 
used in the proof of Proposition 14. 1 .31 and setting = J^^-^ 

5((0,r),e„,a,,5i,i?i)cri((-oo,T]) . 
Furthermore, denoting by 

ai = arcsin (min {sin a, 5i (1 — sin a)}) , 



L'2 



log 



1 - ir?isinai (r) 



1 + \rji sinai (r) 



where C2 depends on Aq, Aq, i?, M, i^o, and R^T ^ only, we have, instead of 
(|493| the inequality 



F,(r)<Fe-m"-^|log(^) 



(4.112) 



where C, C > 1, depends on Ao, Aq, E, M, Fq, (3 and RlT-^ only By (I4.112P we 
have, for every p > 0, t G (0, T], z e (il (0)273 ' 



L 



(x, t) dx 



(4.113) 



> H^-p^ exp 



Fi{t) 
H 



where C, C > 1, depends on Aq, Aq, i?, M, Fq, /3 and R^T^^ only. 

In order to prove (|4.110|) we argue as in the proof of Theorem l4.0.3l in doing 
this we use (j4.113p instead of (|4.93p with u instead of u. We get, instead of 
([TM)) and respectively (cr being defined by (gSS])) 



Ci?o / cr 



and 



where 



. c 
i>l(t) 



6' 



61 (t) = exp 



H 



(4.114) 
(4.115) 
(4.116) 
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and C, C > 1, Ci depend on Aq, Ao, E, M,Fo,P and RlT'^ only. 
Now, let us denote 



^ (m) = (e-^Fi (To/.)) + log (Ce) , e (0, 1] 



and let = inf ?/', notice 'So > 1- 

By (|4.115p and Proposition 14. 1 .61 we have 

jup^^d(t)<i?o(^Ce('?(^))(^)^+M) , for every e (0, 1] , (4.117) 

where C, C > 1, depends on Aq, Aq, E, M, Fq, (3 and R^T^^ only. 
By (|4.117p and Proposition 14. 1 . Il we have 



sup dn i^i (t), ^2 (t)) < Ro^ f -J- (log 



log I 



-1/71 



te[o,T] 

for every e € (O, e^^H^, where 

0(s) = | (V^"'(|log(M77^)l)) ^ +cxp(-mo|bg(^)|'/') , if se (0,a), 

C2a""^s , if s e [a, +(») , 

5 = e"2*oAfi72 ^ = 1 _ ( 2*0 j and C2 depends on M and £: only. Now 
let us define 

?'i=sup|re(0,e-i):?(^^(log|logr|)-i/") <-^| , 

where do is defined in Proposition 14 . 1 . 8l From such a Proposition l4.1.8l we have 
that if e € {0,eiH] then there exist po G {0,Rq] and i > 0, and L depend 
on E only, such that dG (t) is of Lipschitz class of constants po, L. Therefore 
by Proposition 14. 1 .21 and (|4.35p we have 





-1/C\ 


log| 









a 

h-i (t) 



where C, C > 1, depends on Ao, Aq, i?, A/, Fq, /3 and RqT ^ only. Otherwise, if 
e > SiH we have trivially d{t) < C'j^, where C depends on E and M only 
and (|4.110p follows. ■ 

Variant III. The stability results stated in Theorem 14.0.31 Variant I and 
Variant II continue to hold if the first equation in (|4.1D is replaced by the 
equation 

div {k {x, t, u) Vu) + B {x, t, u, Vm) - dtu = 0, in ft ((0, T)) , (4.118) 
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where the matrix k {x, t, u) satisfies the same hypotheses of Theorem 14.0.31 and 
B : R^"+^ R satisfies the following conditions 

B {x, t, 0, 0) = 0, for every {x, t) e M"+i , (4.119) 

-Rq ll^a;-B|lL==(K2" + 2)+-Ro II'^«^IIl="(R2" + 2)+-Ro ||VpB||^^(jj2„+2) < Ao . (4.120) 

Proof of Variant III. To obtain the proof of Variant III we need to change 
the proof of Theorem 14.0.31 only for what concerns the proofs of inequalities 
(|4.66p and (|4.73p . Actually such inequalities can be achieved multiplying the 
new equations by wie"'''*, with 7 large enough, and then proceeding in the same 
way of Propositions 14.1.11 and 14.1.21 .■ 

Variant IV. If the first equation in (|4.ip is replaced by a linear equation 
then we can get Theorem 14.0.31 and the stability results of Variant I, II under 
relaxed a priori assumptions. In what follows we will discuss in more detail the 
case in which the first equation in (|4.ip is replaced by the equation 

div (k (x, t) Vm) +b{x,t) -X/u + c {x, t)u- dtu = 0, in f7 ((0, T)) , (4.121) 

where k (x, t) = (x, t)|" . , is a symmetric nx n matrix, b {x, t) and c (x, t) 
are a vector valued measurable function and a measurable function respectively. 
We assume that k (x, t) satisfies the following conditions for every ^ G M" and 
every (x, t) , (y, s) G M"+\ 

n 

Ao 1^1' < J2 < V 1^1' (4-122) 

and 

/ \ 

/ " \ A 1/2 

lY. {^''ix,t)-n^=iy^T)f\ <-£(|x-y|V|t-.|) . (4.123) 

Concerning b{x,t) and c{x,t) we assume that 

Ro II&IIloo(r„+i) + ||c||^..(R„+i) < Ao. (4.124) 

Assume that {fii (t)}tgR, i = 1,2, are two families of domains satisfying (|4.2p 
which (instead of (|4.4p ). satisfy 

da^{[0,T]) is a portion of arj, ((-00, +00)) (4.125) 

of class C^'^ with constants Rq, E. 

For 1 = 1,2 and for any t e [0, T] let A., {t), U (t) satisfy (|43l) . Assume that, for 
any t E [0, T], Ax (t) = A2 (t) = A and also (instead of [431) 

A X [0, T] , / ([0, T]) are portions of dn ((-00, +00)) (4.126) 
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of class C^'^ with constants Rq, E. 
Let uo € L°° (R"), / e H^^^ {A x (0, T)) satisfy (instead of g^-glS])) 

ll"olLoo(R„) + 11/11^1, <Fo , 
suppfc^ X [0,T] , 

II/IIl2(Ax(t,T)) 



Fi (r) < 



I"o|Il°o(r..) + ll/ll-i i 



for T G [0, T] 



(4.127) 
(4.128) 
(4.129) 



/i"5'I(Ax(0,T)) 



where Fi (r) is a given strictly increasing function on [0, T] such that Fi (0) = 0. 
Let Ui, i — 1,2, be the weak solution to 

div (nWui) + b ■ Vui + cui — dtUi = 0, in Q,i ((0, T)) , 
= /, onAx(0,T], 
Ui = Ci, on/i((0,T]), 
Ui (.,0) = uo, in VLi (0) , 

Assume that 

Rq ||kVmi • V - kVu2 ■ ^\\l^(^x{o,t)) - s ' 
and assume that one of the following conditions is satisfied 



dn(ni (0),r!2(0)) <Roe 



or 



uo = 0, 

then we have, for any r e (0, T] and e € (0, 1), 



(4.130) 



sup dn hi (t), n2 (t)) <RoCi{T)\loge\ ^ 



t6[r,T] 

where Ci (r) and C2 (r) are positive constants depending on t, Aq, Aq, E, M, Fq, (3, RqT^^ 
and Fi {.) only. In addition, if (|4.130p is satisfied then 



Ci (r) = exp 



C 



Fi(r) 



C2(r)=C+(Fi(r)) 



where C, C > 1, depends on Aq, Aq, E, M, Fq, (3 and RqT ^ only. 



5 Exponential instability 

In the present section we prove that the Dirichlet inverse problem studied above 
is exponentially unstable, that is, the stability estimate for such problem cannot 
be better than logarithmic. In order to prove this instability property we con- 
sider two Dirichlet inverse problems: in the first problem the space dimension 
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n is equal to 1 and the unknown boundary is a curve x = s (t), in the second 
problem the unknown boundary is not time varying. Since the second problem 
has been studied in |53| and it requires more technical proofs than the first one, 
here we give the detailed proofs for the first problem only. 

The common tool used to prove the instability character of the above inverse 
problems is an abstract theorem of which we give the statement below and refer 
for the proof to [52] . 

Let {X, d) be a metric space and let -ff be a separable Hilbert space with 
scalar product (., .). We denote by H' the dual of H and, for any v G H and any 
V/ G H', we denote by {v', v) the duality pairing between v' and v. We denote 
by £ {H, H') the space of bounded linear operators between H and H' with the 
usual operator norm. Wc shall also fix 7 : i7 \ {0} [0, +00] such that 

7 (Au) = 7 (w) , for every v e H \ {0} and A e K \ {0} . 

Let us remark that the function 7 may attain both the values and +00 and 
can be thought of as a suitable Rayleigh quotient. 

Let F be a function from X to £{H,H'), that is for any x G X, F (x) 
is a linear and bounded operator between H and H' . We also fix a reference 
operator Fq E C (H, H') and a reference point x^ E X (notice that it is not 
required any connection between Fq and F (a;o)). For any e > denote X^ = 
{x € X : d{x,xo < e)}. 

Definition 5.0.1 Let (Y^dy) be a metric space. Let e he a positive number. 
We shall say that a subset W of Y is a e-discrete set if for any two distinct 
points Wi,W2 (z W we have dy (wi, W2) > £■ 

Theorem 5.0.2 Let us assume that the following conditions are satisfied. 

i) There exist positive constants Eq, Ci and ai such that for every e G (0,eo) 
there exists an e-discrete set Z contained in X^ with at least exp (Cie~"i) ele- 
ments. 

ii) There exist three positive constants p, C2 and a2 and an orthonormal basis 
of H , {V'fclfcgN such that the following condition hold. 

For any k G N, we have that 7 (ipk) < +00, and for any g G N, 

#{fceN:7(V'fe)<<z}<C2(l + Qf , (5.1) 

where # denotes the number of elements. 
For any x £ X and (fc, Z) € N x N we have 

I {{F (x) - Fo) V-fc, ^Pi) I < C2 exp (-^2 max {7 (V-^) , 7 (V-;)}) • (5-2) 

Then there exists a positive constant £\, depending on Eq, C\, C2, oli, a2 and p 
only, such that for every e G (0, Si) we can find Xi and X2 satisfying 

Xi,X2 <E X^ , d{xi,X2) > E, (5.3) 
11^^ (xi) - F ix2)\\c^H.H') < 2exp (_£-"i/2(p+i)) . (5.4) 
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5.1 Exponential instability of the Dirichlet inverse prob- 
lem with time-varying unknown boundary 

We shall use the following Hilbert space. The space H = ((§,^)), its 
dual H' = Hi = H-i ((f,^)) and Hq = Hi ((f,^)). We consider the 
interpolation spaces between Hq and Hi, |113| . For any 9, < 9 < 1, we define 
Hg as [Ho,Hi]g, where the latter denotes the interpolation at level 9 between 
Ho and Hi. The norm in Hq and Hi will be denoted by Recall that for 

any 9 G [0,1] there exists a constant Ce, depending on 9 only, such that the 
following interpolation inequality holds true 

UWe < Ce \mV' \m\ , for every ^ G Hq. (5.5) 

By using the interpolation properties of fractional order Sobolev spaces, see 
|113j . we can characterize He as follows 

Let us notice that the interesting case 9 — j, where we have Hg — ((^, ^)) 
and that Ha does not coincide with H~i ((^, ^)). 

Let m be a given positive integer number and let 6, S be positive numbers 
as above, we define 

x„„= {•^c"(lf.¥]).IWIcw|,„)S». 
i<»<i + «,.(f) = »(f) = i). 

Let us consider the metric space {X,d) := (Xmbs, do) where do {si, S2) — 1151 — 5211^00^^ 
For any s € X we denote 



= |(x,t) gR" :t e \^-,—j,0<x<sit) 

if s{t) ~ so{t) = 1 for every t e [fi^] set Qo = Qsg- Notice that 
there exists a constant C, C > 1, such that for any si,S2 G X we have 
C-^dn {Q7^,QZ) < rfo(si,s2) < C~^dn {QT^^QZ)- 

For any s G X we consider the linear operator Vg : H ^ Ho which is defined as 
follows. For any ip G H, let u E H^'^ (Qs) be the solution to 

dtu — d^u = 0, in Qs, 
u {x, I) = 0, for X G [0, 1] , , . 

u{sit),t) = 0, forte [^,f] , ^ 
u{0,t) = ^p{t),tortG [f,f ] , 

then, for any ip G H, we set 

Vsi^^-d,u{0,t),tG (^,^y (5.8) 
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By the trace theorem we have that the hnear operator Vg is bounded. We 
can also consider Vs as an operator belonging to C {H,H'), by setting, for any 

{V,^,^)f,,f, = {-d^u{0,.),(j>)f,,j,= I -d^u{0,t)<j>{t)dt, (5.9) 

•' i 

where u solves (15.71) and (., .)^, is the duality pairing between H' and H. We 
refer to the operator Vs to as the Dirichlet-to- Neumann map. 

Theorem 5.1.1 Let m G N and b, b > 0, be fixed. Then there exists a positive 
constant Si depending on m and b only, such that for every S G (0, uje can 
find si, S2 X satisfying 

do (si,so) <S,i = 1,2; do (si, S2) > S (5.10) 

and for any 6 £ [0,1] 

ll^'^i - 25^2 <Cexp (-05-^^7)^ (5.11) 

where C is a constant depending on m, b and 6 only. 



In order to prove Theorem 1 5.1.11 we need to introduce some notation. For 
any s G X let s be its extension to 1 to [0, 2n] and denote Qs = {ix,t) £ IS."^ : t € (0, 2it) , < x < s (i)}. 
Let us consider the Hilbert space ((0, 2tt)) endowed with the scalar product 



2ir 

2 , 



(V, ^)o= (t) ^ (t) dt, for any i,,<P£L' ((0, 27r)) , 

Jo 

We have that the set 

Vn = ^sin(;^t) :nGN[., (5.12) 



is an orthonormal basis of ((0, 2tt)) with respect to the scalar product (., .)p. 
For any a G (0,1] consider the Sobolev space iJ q ((0, 27r)). We have the 

following properties. First, H^q{{0,2tt)) = iJ'^ ((0, 27r)) if and only if cr < 
Then, for any ct 7^ - we can endow H"^ ((0, 27r)) with the following scalar product 

(V','/'). (1 (V-^rOo (-^-'/'rOo ,forevery V,0e-ff"((O,27r)), 
with respect to which the set 

^lj„ = —J^=:neN} , (5.13) 

v/i + (t)" 
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is an othonormal basis of q ((Oj 27r)).We define 7 : H \ {0} [0, +00], such 
that 



7 









H 






Ho 



Notice that 



7 



(V'n) 



for every n e 



and let us call for every positive integer q, Ni (q) = |n e N 17 ^V'n) — ^j- 
We have 



A^i (9) < 2 (1 + g) , for every g e N. 



(5.14) 



LetH = H% ((0,27r)), H' = Hi = R-i ((0,27r)) andi?o = ((0,27r)). For 
any s € X, let us define in the same way as before the Dirichlet-to-Neumann 
map associated to Q^, that is the linear and bounded operator Vs '■ H Hq 
such that ip ^ H, we set 



where u solves 



V,i; = -d^uiO,t),te (0,27r), 

dtu - d^u = 0, in Qs, 
M(a;,0)=0, for xe [0,1], 
u{s{t),t) = 0, for t e [0,27r] , 
u (0, t)=4j (t) , for t e [0, 2tt] . 



(5.15) 



Let us also define the following two linear and bounded operators G,G* . H 
H such that for any E H we have 



(g^A) (t) = ^{t)e-^/H-^/^, 
(g>) (t) = (0 e-i/(2^-*) (27r - i)"^/^ 
We have that there exists a constant Ci such that 



(5.16) 



G 



c{h,h) ' 



C[H,H) 



(5.17) 



For any s g X, we define the following linear and bounded operator Vi^g : H 
H' as follows 



VsG%l;,G*(h) ^ ^ , for any e iJ. 

H'.H \ / H'H 



(5.18) 



The proof of Theorem 15.1.11 is an immediate consequence of the following two 
propositions whose proofs we postpone for a while. 
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Proposition 5.1.2 There exists a constant C2, depending on m and b only, 
such that for any s Cz X and any tp G H we have 



< C2 ||mo|Ih2. 



i((04/2)x(0,27r)) ' 



(5.19) 



where uq solves \5.15\) with s = sq. 



Proposition 5.1.3 There exists a positive constant Si, depending on m and b 
only, such that for any 5 € (0, we can find Si,S2 X satisfying i5.10\) such 
that 



V 



C[H,H') 



< 2 exp ( —S e 



(5.20) 



Proof of Theorem 15.1.11 By the trace inequality and standard estimates 
for parabolic equations we have, for any £ H, 



Ho 



(5.21) 



where C3 depends on m and b only. 

By Proposition 15.1.21 and by (|5.2ip we have 



C{H.Ho) 



< C4, for every s £ X, 



(5.22) 



where C4 depends on m and b only. 

Now, for any ip £ H , let ip < H he its extension to to (0, 2tt) \ {tt/2, 3tt/2). 

We have that J : H —i- H, where J (^tjjj = ip for any ip £ H, is a linear isometry. 

Furthermore, we have that the linear operators G,G* : H ^ H such that 

G(V) = g(^) ,G*(V)-G*(^) 

V / |(7r/2,37r/2) V / | (7r/2,37r/2) 



are invertible and 

\\^\\c{HM) ' 11^ \\c{HM) ' 11^ ^ll£(ff,_f/) ' ) 

where G5 is a constant. 

For any s € X and for any ip,(p £ H , we have 



C{H,H] 



Vsip = 2?sV'|(7r/2,37r/2) 



< G5, (5.23) 



(5.24) 



and 



4>)h',h = {T^sJi^. J<p) ^ = (Pi,, JG- V, J {G*r^ cp)^^ ^ . (5.25) 



\ / H'M 

By ([OS]) and ([Qi]) we have 

llPsi - '^s2\\c(H.Ha) - 2^4, for every si, S2 € X. 



(5.26) 
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By (|5.23p and (|5.25p we derive that, for every si, S2 G X, we have 

2^1, Si — T^l,S2 



(5.27) 

C{HM') 



By Proposition 15 . 1 . 3l (|5.26p . (I5.27P and interpolation inequality (|5.5p Theorem 
EXUfoUows.B 

Proof of Proposition 15.1.21 Let x S ([0, +oo)) be a function such 
that < X < X (2;) = 0, for a; e [O, j] and x i^) — 1, for x e [i, +00). Let 
= u — (1 — x) uo, where u is the solution to (|5.15[) . We have 

dtv - dlv = /, in Qs, 
V (x, 0) = 0, for X e [0, 1] , ,^ 
i;(s(i),i) = 0, fort€ [0,27r], ^ ^ ^ 

w(0,t) = 0, for t € [0,27r] , 

where / = ~x"uo — 2x'u[^- Since suppf C [|, ^] we have, for a constant Ce, 

Il/Ili,2(-Q^) < Ce ||wo|lH2.i((o,i/2)x(o,27r)) ■ (5-29) 

Now denote by w, fi the functions defined as follows 

w (^, t)^v i^s it) , t) , /i (^, <) = / (e?(i) , t) , for every (^, t) e [0, 1] x [0, 2^] . 
We have that w solves the following problem 

u;(e,0) = 0, for [0,1], 
w;(l,t) = 0, for t e [0,27r] , 
w(0,<) = 0, for t e [0,27r] , 

Therefore, by standard regularity estimates for parabolic equations, (|5.29p and 
a simple change of variable we have 

ll"'ll//2.M(o,i)x(o,2^)) < C's I1/I1l2(q^) , (5.30) 

where Cg depends on b and m only. 

On the other side, for every t £ (0, 2tt) we have 

d^w (0, t) = (t) 5,7; (0, t) = -s{t) {d,u - d,uo) (0, t)^s {t) (v,i^ - V,,^^ (0, t) , 



hence 

{Vs^ - V,J) (0, t) - --I^S^u; (0, t) (5.31) 
and by the trace theorem there exists a constant Cg such that 

Wd^W (0, < Cg ||w|Ih2,i((o,i)x(0,2^)) 
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By the just obtained inequality (jOg)) . (|On| and ((OT|) we get ^J^M 



In order to prove Proposition 15.1.31 we need further auxiliary propositions 
and new notation. The following proposition has been proved in |116j . Let us 
fix m G N and a positive numer b. Let e be a fixed positive number, we denote 
by the set {s £ X : do (s, Sq) < s}. Notice that X^ = X^be- 

Proposition 5.1.4 There exists a positive constant eo, depending on m and b 
only, such that for every e € (0,eo) there exists W C X^ satifying the following 
properties. W is s-discrete with respect to the distance da and W has at least 

exp ( 2~^e^ £~™ ) elements. 



For any n G N denote 

^" ^ ^ \ 0, if t < 0. 

Notice that y^ G C°° (M) and y„ € (M) for any n,m € N. Let Un be the 
solution to the following boundary value problem 

' dtUn - d^^Un = 0, in (0, 1) X (0, +oo) , 

[/„ (x, i) = 0, in [0, 1] X (-00, 0] , , . 

C/„(l,i)=y„(i),forteM, ^^""^^ 
C/„(0,t) = 0, for t e M. 

The following decay estimate of exponential type will be crucial. 



Proposition 5.1.5 For any fixed n S N, let Un solve i5. 3 '2]) . Let us fix po G 

(0, 1). Then there exist positive constants Ki and ki depending on pQ only, such 
that 

l|t^nllL2(i3p„xR) < -F^iexp (-fci7 (V„)) . (5.33) 



Proof. Let us denote 



n+oo 

Un{x,0 = I e"'^'U„{x,t)dt , 



+ 00 

Vn iO = I e-'^'Vn {t) dt. 



By ((O^ we get 



d^Un - i^Un = 0, in (0, 1) x M, 
Un{l,0 = yniOJoT^GR, (5.34) 
C/„(0,e) = 0, for^eM. 
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Therefore 



sinhcr (1 — a;) 
sinh (T 



(5.35) 



where a — y ^ {i — sign^)- Notice that cr^ — iS,. Hence there exists a constant 
C such that 



(5.36) 



By using classical tables of integral transforms, sec for instance [56], we have 
that, for any ^ G M, 



Vn (0 = -■ (cos (V2|e-"/2|j - sign (^ - n/2) i sin (^21^-^/21 



2i 

g-V2|?+n/2| 

2i 



(cos (V2|^ + n/2|) - sign {£_ + n/2) i sin (^y^2\^ + n/2\ 



hence the following estimate holds true 



Wn m < e-V2|?-"/2| + g-V2|?+"/2|^ for every ^ 



(5.37) 



By Plancherel Theorem, (|5.36p and (|5.37p we have, for any pq e (0, 1) and for 

any n g N, 



(O,po)x(0,+oo) 
rpo r+oa 

<C dx 



2 rPo n+oo 

\U {x,t)\^ dxdt ^ — dx Un{x,Cj 



2-K 



di 



, /•+00 

J — oo 



V"'l«l<"/4 ■/|«l>«/4 / 



where iCi, fci depend on po only. Recalling that 7 (V'n) 
by the inequality proved above we get (|5.33p .B 



, for every n € N, 



Lemma 5.1.6 There exist positive constants K2 and k2 depending on m and b 
only, such that for any n £ N and any s € X , we have 

(Vi^,^Vi^so)^n\\^^ <i^2exp(-fc27(V^n)) • (5.38) 



Proof. By ([SJT]) and ([STS]) we have 



So I ^Vn 



H' 



(5.39) 
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Let Un solve (|5.32l) . Then the restriction of [/„ to the time interval (0, 2tt) solves 
(jS.lSp with s = So and boundary data at x = and a; = 1 equal respectively to 
Gtpn and 0. Therefore, by Proposition 15.1.21 and (|5.39p . we have 



H' 



< l|C^«||^2,l((o,i)x(0,27r)) 



Then the conclusion follows by Proposition 15.1.51 and a Caccioppoli type in- 
equality of the form 

ll^"ll//2,i((o,pi)x(0,2ii-)) - ll^"llL2((0,po)x(0,27r)) ' 

where < pi < po < 1 and K^^ depends on po and pi only. For similar 
Caccioppoli type inequalities we refer to Section 6, Chapter III, of |104j .B 

Proof of Proposition [571.31 First we introduce the operator which is the 
adjoint to Pi^s- For any s € X, let us define the linear and bounded operator 
V* : H ^ Hq such that for any (j> Q H, we have 



where v solves 



dtv + dlv = 0, in Qs, 
V {x, 27r) = 0, for x e [0, 1] , 
v(s{t),t) = 0, for t e [0,2n] , 
V (0, t) = (f>, for t e [0, 2n] . 



(5.40) 



Then we define T>1 ^ : H ^ H' so that 



(VlJ,i>)^ ^ = {VtG*^,G^)^ ^ , for every 

By using the weak formulation of (|5.15p and (|5.40p it is easy to show that the 
following adjointness property holds true for any s (z X 



'Di,s^,^}_ ^ = {VlJ,t^)_ , for every 1^, e i7. (5.41) 

It is not difhcult to show that, by the change of variable in time, (I5.38P holds 
true if we replace there g with ^. Therefore, using (|5.39p . we have 



H'H 



< K5 exp (^-k2 max |7 (^Vn) , 7 (V'n') |) , 

(5.42) 

where depends on m and b only. 

Finally, recalling Proposition 15. 1 .41 the inequality (|5.14p and the decay esti- 
mate (|5.42p we notice that we are exactly in the position of applying Theorem 
15.0.21 and Proposition 15. 1 .31 follows. B 
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5.2 Stability properties of the Dirichlet inverse problem 
with unknown boundary independent on time 

In this section, for the reader's convenience, first we present the formulation 
of the Dirichlet inverse problem when the unknown boundary is independent 
on time and the equation is linear, then we state, without proofs, the stability 
properties (i.e. stability estimate and exponential instability) for such a prob- 
lem. Such a proof has the same structure of the proof of Theorem 15.1.11 but 
it presents additional difficulties with respect to this Theorem. For the more 
details we refer to [S3]. 

Referring to the problem formulated at beginning of Section[51 in this section 
n{t) — il and I (t) = I for every i G M, where $7 is a bounded domain in K" with 
a sufficiently smooth boundary dQ and / is an inaccessible part of dfl. Given a 
nontrivial function / on Ax (0, T), let us consider the following Cauchy-Dirichlet 
(direct) problem 

div{K{x,t)\/u)-dtu = 0, infix {0,T), 

M = 0, on / X (0, T] , ^ ^ 

w(.,0) = 0, inn, 

where k {x,t) = {k*-' (x,t)}"_^._^ denotes a known symmetric matrix which sat- 
isfies a hypothesis of uniform ellipticity and some smothness conditions that we 
shall specify below. 

Given an open portion E of dil such that S C A, we consider the inverse 
problem of determinig /, from the knowledge of k {x, t) Vu ■ v onYj x [0, T]. 

Let Ao, Aq, E, M, Rq, F and p be given positive numbers with Aq, (3 e (0, 1]. 

i) A priori information on the domain fl. 

We assume 

\n\ < MR^. (5.44) 
Concerning the regularity of dfL we assume that 

dVL is of C*^'^ class a with constants Ro, E. (5.45) 

In addition we assume that there exist open portions E, E within A such that 
S C E and there exists a point Pq E Y, such that 

dn n Br, (Po) C E , (5.46) 

and _ 

E n {lf ° = . (5.47) 

and 

IUA = dn, Int/ nlnt {A) = , I n A = DA = dl . (5.48) 
Recall that interior and boundaries are intented in the relative topology of dfl. 
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a) A priori information on the unknown part of the boundary 
that we have 

/ is of C^''^ class with constant Rq, E. 

Hi) A priori information about prescribed boundary datum. 
We shaU assume that 

feHi'-^{Ax{0,T)), 
suppf C S 

and 

Il/Ilffl/2,1/4(^X(0,T)) . ^ 

II/IIl2(^x(0,T)) 

Hi) Assumptions about the thermal conductivity k. 

The thermal conductivity k is assumed to be a given function from M" x R 
with values in n x n matrices satisfying the following conditions. When ^ e M" 
and {x, s) , {y, r) S R""*"^ we assume that 

Xol^f <^{x,t)^-^<X^'\^\\ (5.53) 

1^ (x, t) -n{y,T)\< Ao (^^^ + ^) . (5.54) 
In the next theorem we shall use the following notation 
W{nx (0, T))^{v:ve ((0, T) ; (f!)) , dtv E ((0, T) ; H'' (n)) } . 

Theorem 5.2.1 Let fli, Q2 be domains satisfying 115. 45^ . For any i = 

1,2 let Ai, li satisfying ^5.4S\ l, be the accessible and inaccessible part of dfli 
respectively. Assume that Ai — A2 — A and that fti and 0,2 on the same 
side of A. Let us take S, E within A such that E C E satisfying ( [5./^6'[ j |5.47| ). 
Finally, we suppose that, for any i — 1,2, li satisfies the a priori information 

Let us assume that i f 5. 50)] . Ii5.51\) . 115.52]) . 115. 53]) and i5.54\ ) are also satisfied 
and let Ui € W {fli x (0,T)) be the weak solution to Ii5.43\ j luhen $7 = i = 
1, 2. //, given e > Q, we have 

Rq \\kWui ■ V - fcVw2 • t^|li2(sx(o,T)) ^ ' (5-55) 
then we have, for every e £ (0, 1), 

dn < RoCi \\oge\-^ , (5.56) 

where Ci, C2 are positive constants depending on Aq, Aq, E, M , Rq, F, (3 and 
RlT-^ only. 



. We suppose 
(5.49) 

(5.50) 
(5.51) 

(5.52) 
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In order to analyse the instability of the inverse problem we study what 
happens in the most favourable situation, that is we suppose to have strong a 
priori information on /, A and k as simple as possible. In addition we take into 
account all possible measurements. 

More precisely in the instability analysis we deal within the following frame- 
work. Let us assume ft — Bi \ D where D is a compact subset of Bi [D 
represents an unknown cavity). Let A — dBi, I — dD. We also set S = E = A. 
We set Q = Bi X , ^) and T — Ax (|, In addition we assume that k is 
equal to the identity matrix. Let us fix a positive integer m. To each C™ regular 
cavity D we associate its Dirichlet-to- Neumann map Vb, that is the operator 
that maps each prescribed temperature /onj4x (f,^) into the corresponding 
heat flux . 3^x. We shall give below a formal definition of Pn. 

3 3 

We shall use the following Hibert space. The space H = H^'* (F), its dual 

H' = Hi = H^i-^i (F) and Hq = H^-i (F). We consider the interpolation 
spaces between Hq and Hi, |113j . For any 9, < 9 < 1, we define Hg as 
[Hq, Hi]g, where the latter denotes the interpolation at level 9 between Hq and 
Hi. By using the interpolation properties of fractional order Sobolev spaces, 
see |113j . we can characterize Hg as follows 



Ho = 



iy-2(|-e).-(i-9) ^ if i < < 1, 9^ 



4 ' 

3 



Let us notice that the interesting case 9 — where we have Hg = L? (F) and 
that Hi do not coincide with H^^'^^ (F). 

Let us fix an integer m > 2 and positive constants S, b and r. 

For a strictly positive function g defined on dBi we recall the definition of 
its radial subgraph, 

subgraph^^^ (g) = {y G M" ■ y = P^, < P < 9 (ruj) , w £ dBi} . 
Then we define 

X„rbs (Br) = {subgraph^^^ (o) ■ 9 & C°° {dBr) , 

ll.9llc"(as,.) < & and r < g < r + (jj . 

Let us consider the metric space {X,d) = (i?i/2) jd-uj, where dn de- 

notes the Hausdorff distance. Let us notice that every D £ X is closed, is 
starshaped with respect to the origin and satisfies i3i/2 C D C -B3/4. 

For any D£X,we set Q (D) = {Bi \ D) x (|,^), r(i:)) = dD x (f ,^). 
If D = then we set Q {D) = Q and F (D) = 0. 

For any D £ X U {0}, we consider the operator Vd : H ^ Hq which is 
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defined as follows. For any E H, let u E H^'^ {Q (D)) be the solution to 

(5.57) 

f ) = 0, in f7 \ D , 

Then, for any -0 g iJ, we set 



Am - dtu = 0, in Q (D) , 
u = ijj, on r, 

M = 0, on r (D) , 
u(.,f)=0, inf7\D 



Ou 

T^D^ = , u solution to (I5.57p . 

We have that Theorems 4.3 and 6.2 in Chapter 4 of |113| imply, respec- 
tively, existence and uniqueness of a solution u E H^'^ (Q (D)) to (|5.57p and 
its continuous dependence from the boundary datum ^ E H . In addition, by 
trace theorem (Chapter 4 Theorem 2.1 of |113j ) we can conclude that, for any 
D E X U {0} the operator Vd : H Hq is linear and bounded. We can also 
consider Vjj as an operator belonging to C {H, H'), by setting, for any ifj,(j) E H, 

where u solves (|5.57p and {■, ■) h' h duality pairing between H' and H. 

Theorem 5.2.2 Let us fix an integer m > 2 and a positive constant b. Let 
(X, d) = (^Xj^i^i (i3i/2) , dn^ . Then there exists a positive constant 5, depending 
on m and b only, such that for every S E (O, (5) we can find Di , D2 E X satisfying 

d{D„Bi/2) < 5, for any i = 1, 2; d (Di, Ds) > 5 
and for any 9 E [0,1] 

-2?dJL(^,h,) <Ccxp (^-eS~^), 
where C is a constant depending on m, b and 9 only. 

Acknowledgments. I would like to express my gratitude to Professor Elena 
Beretta and Professor Edi Rosset for useful and stimulating discussion about 
the problem. 
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